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Problem (1)
Consider thefirst order linear ordinary differential equation.

dy _ f(y,t) =sin(t)y + 2t @

dt

with theinitial condition
y(to =0) =1 @

The second order numerical method to solve this problemis given by

Yi=VYi-1+(ti - ti 1)%[f(yi- 1t 1)+ it )

(a) Use Heun' s method to approximatey att =0.1. (Useoneinterval of size Dt=0.1)

(b) Solve part (a) again but take advantage of the linearity of the ODE to avoid the approximation inherent in Heun’s
method.

(c) Explain why the answersin (a) and (b) are different? Which answer is more accurate?

Solution

(a) Use Heun' s method to approximatey att =0.1. (Useoneinterval of size Dt=0.1)
% = f(y,t = 0) = sin(0)1) + 2(0) =0

Use Euler method to approximatey at new t:

y(t=0.1)» y(t =0)+Dtf (y,t =0) =1+0.10 =1

% =f(y =1,t =0.1) » sin(0.1)(1) + 2(0.1) = 0.29983341664683

y(t=0.1)» y(t=0)+ Dt%[f(y =1t=0.0)+f(y =1t =0.1)]

y(t=0.1)» 1+(o.1)%[o +0.2998] =1.014992

(b) Solve part (a) again but take advantage of the linearity of the ODE to avoid the approximation inherent in Heun’s
method.

1. )
Yi=VYi-1+(t- b 1)E[S'n(ti- 1)Yi- 1+ 2t 1 +sin(t;)y; +2t]
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é 1. .U 1r .
Yigl' (ti - ti. 1)§Sm(ti)H: Yi-1 +(ti - ti 1)§[Sln(ti_ Vi 1+ 2t 1+ 2t]

1r.
Yi-1 +(tj - ti. 1)E[S'n(ti- DYi-1+ 21 +2t;]

Yi= 1
1- (t; - ti-1)53i“(ti)

_ 1.01
0.99500832916766

1+ (0.1)%[sin(0)(1)+ 2(0)+2(0.1)
Yi =

1 =1.015067
1- (0.1)§sin(0.1)
(c) Explainwhy the answersin (a) and (b) are different? Which answer is more accurate?

Part (a) uses the Euler method to approximate the new value of y. Part (b) avoids this approximation because the
equationislinear. Part (b) istherefore for accurate.

Problem (2)
Consider the system of linear algebraic equations:
X1 +Xo = 2
5X1 - 6X2 =-1

(a) Demonstrate that the multivariate Newton-Raphson will exactly solve a system of linear algebraic equationsin
oneiteration. Usetheinitial guess of your choice.

Solution:

The multivariate Newton-Raphson will exactly solve asystem of linear algebraic equationsin one iteration regardless
of theinitial guess. Let’suseaguessof (0,0).

(a) If we are going to solve this system using multivariate Newton-Raphson, we need the Jacobian and the residual.
Determine them.

& 10 ExXy+Xp-2 U & 20
J=¢ q = u=é.q
= & -6y Xp-6xp+1g gly

é6 1u
i 1 66 -1 &7 Ird
= Tdet()g 5 14 &> . 1y
él1 110
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e6 1u
_ lp_ &1 110620 €&
x=-J'R=-6 G, 06
- &2 _lg1y &y

&1 110

U

We can verify that thisisthe correct solution, by substituting into the original set of algebraic equations.
Problem (3)

Consider the system of two linear ODES.

dx %

dt 1 2
dX2

—= =5x4 - 6X
dt 1 2

Determine the type of critical point and the stability.
Solution:

In order to determine the type of critical point and the stability we need the eigenvalues.

9. | 1 0
= 85 -6-|u

(1-1)-6-1)-5=0
12 +5] -11=0

_- 5452 - 4x1x- 11) _-5x4/69
2:1 2

From here we can see that both eigenvalues arereal. One eigenvalueis positive and the other is negative. Therefore,
our critical point will beasaddle point. All saddle points are unstable.



