Exam No. 1, ChE 301, Administered: September 21, 1998

Applied Statisticsand Numerical M ethodsfor Engineers
ChE 301, Fall 1998
Midterm Exam Number One
Administered: Monday, September 21, 1998

In all relevant problems: WRITE DOWN THE FORMULA YOU USE, BEFORE YOU USE IT.
In all problems: NO NUMERICAL INTEGRATION REQUIRED.
ALL PROBLEMS ARE WORTH 2 POINTS. THE EXAM HAS 36 POINTS.

For problems (1.1) to (1.7), consider that you have a group of 6 engineers, named Ali, Barbara, Charlie, Denise,
Ernie, and Feng. Ali and Barbara are environmental engineers. Charlie and Denise are material scientists. Ernie
and Feng are chemical engineers. They are to be randomly split up into 2 groups of three people.

(1.1) Definethe sample space. (Either with wordsor lists.) Define one example of an event from that sample
space.

Solution: The sample spaceisall possible divisions of 6 peoplein 2 groups of three. One example of an event in
that sample spaceis: Group 1 contains Ali, Barbara, Charlie and Group 2 contains Denise, Ernie, and Feng.
Ancther example of an event isall groupingsin which Ali and Barbara are in the same group.

(1.2) What are the number of ways that 2 groups of three can be formed, irrespective of engineering discipline?

Solution: Since the order of individualsin the group doesn’t matter, we must use the combination rule.
ano_  nl
érg r(n-r)!
In this case, n=6. We want the number of combinations of three people. The remaining three will form the second
group.
B0 6  6*5*4*3*2 - 20
&3 31(6-3) 3+2*(3%2)

(1.3) Consider the number of waysthat 2 groups can be formed, considering the 6 people only by their profession?
Possible outcomes of a group Number of ways for each outcome
2 Environmental, 1 Chemical, 0 Material
2 Environmental, 0 Chemical, 1 Materials
1 Environmental, 2 Chemical, 0 Materials
0 Environmental, 2 Chemical, 1 Materials
0 Environmental, 1 Chemical, 2 Materials
1 Environmental, 0 Chemical, 2 Materials
1 Environmental, 1 Chemical, 1 Materials
Find X.

XNNNNNN

Solution: In this case, order doesn’t matter. Use the combination rule for choosing from types.

X =ways of (1E,1C,1M) = g%ﬁ%ﬁg: (2)(2)2)=8
1]

(1.4) What isthe probability of having the 2 chemical engineersin different groups?

Solution: From problem (3), we know that there are 3 outcomes that split the chemical engineers (2E,1C,0M),
(OE,1C,2M) and (1E,1C,1M). The number of ways to obtain each of theseis:
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(2E,1C,0M) =2 and (OE,1C,2M) =2 and (1E,1C,1M) =8
The total number of ways to split the chemical engineersisthen 12.

Since the total number of ways of splitting is 20,
The probability is thus

# of ways to split ChemEs _ 12 _

=—=0.6
total # of ways of splits 20

P(split chemEs) =

(1.5) What isthe probability of the 2 chemical engineersin different groups OR the 2 materials scientistsin the
same group?

Solution: From problem (3), we know that there are 4 outcomes that put the mechanical engineersin the same
group (OE,1C,2M) and (1E,0C, 2M) and (2E,1C,0M) and (1E,2C, OM). The number of ways to obtain each of
theseis:

(OE,1C, 2M) =2 and (1E,0C, 2M) =2
(2E,1C,0M) =2 and (1E, 2C,0M) = 2

The total number of ways to keep the materials scientists together isthen 8.
Since the total number of ways of splitting is 20,
The probability is thus

P(keep Mech Es together) = # of ways to keepMechEs _ 8

=0.4
total # of ways of splits 20

We are asked for
let A bethe event that we split the Chem E’s and B be the event that we keep the Mech E’ s together. We are asked
for

P(AUB) =P(A)+P(B)- P(AB)
Theintersection of A and B is

(OE,1C,2M) =2 and (2E,1C,0M) =2

P(AnB):ZiO:o.z

thus
P(AUB)=0.6+0.4- 0.2=0.8

(1.6) What isthe probability of having the 2 materials scientists in the same group GIVEN the 2 chemical
engineers arein different groups.
Solution:

P [ A)=PANB) 0.2

P(A) 0.6

=0.333

(1.7) Determinerigorously whether having the 2 materials scientists in the same group and having the 2 chemical
engineersin different groups are independent.
Solution: If A and B are independent:
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P(B|A)=P(B)

since P(B| A) =0.333 and P(B) = 0.4, A and B are not independent.

(2.1) Statethethree conditions that must be satisfied in order for a continuous probability density to be valid.

Solution:

f(xp 0 forallxT R

¥
g(x)dx =1

-¥

Pla< X<b)= IZ‘j‘(x)dx

(22) ForthePDF f(X) =16 for 2£ x £ 6,find P(X3 4).

f O otherwise

Solution:
6 6
X 20 5
P(X3 4)=PA<XEB)=FX)dXx =(y—dx =— =—
( ) =P( ) ?‘( ) ?1—6 328
i0.125 forx =2
i
0.375 forx=4
(2.3) For the PDF f(X) = : find P(2 < X £ 6)
i 0.25 forx=6
{025 forx=8
Solution:

P(2 < X £6) = P(x = 4) +P(x = 6) = 0.375 +0.25 = 0.625

(2.4) Which of the following statements are TRUE?
(8 A histogram isa plot of the cumulative PDF.
(b) The cumulative PDF monotonically increases.
(c) A symmetric PDF gives rise to a symmetric cumulative PDF.

(d) The continuous cumulative PDF, F(X) , hasavalue of 0.5when X =M, .

Solution:
(a) False. A histogram is a plot of the cumulative PDF.
(b) True
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() False. A symmetric PDF (about they axis) does not give rise to a symmetric cumulative PDF. (about
they-axis).
(d) Can betrue. Not necessarily true.
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For Problems (3.1) to (3.6) Consider thefollowing: x and y are random variables. d and p are functions of x and

y.
d=y-xandp=xy. 100 random samples of x and y values are taken. The following data isthen calculated for
those 100 samples. (Not all of the raw datais shown below.)

run X y d p X2 Ve o p? xd Xy yp
1 10.90 18.74 7.85 204.30 118.79 351.37 61.55 41739.44 85.51 186.69 3829.59
2 11.17 19.73 8.55 220.36 124.80 389.08 73.17 48556.36 95.56 172.26 4346.53
3 9.34 20.14 10.80 188.14 87.23 405.77 116.72 35395.82 100.91 239.70 3789.78
98 11.32 18.41 7.09 208.43 128.20 338.87 50.21 43443.02 80.23 176.79 3836.85
99 10.57 21.80 11.23 230.47 111.79 475.18 126.01 53118.67 118.69 235.07 5024.02
100 11.69 19.66 7.97 229.70 136.56 386.37 63.53 52763.36 93.14 211.16 4515.11
sum 1013.00 1979.94 XXXX 20041.70 10381.3 39327.6 XXXX 4070754.6 9660.4  19897.98 397789.3
mean 10.13 19.80 XXXX 200.42 103.81 393.28 XXXX 40707.55 96.60 198.98 3977.89

(3.1) Findthevarianceof x, S )2( .
Solution:

s% = E[XZ]- E[X]* =103.81- 10.132 =1.19

(3.2) Find the standard deviation of y, S
Solution:

y-

s? = E[YZ]- E[Y]* =393.28- 19.80% =1.24

s, =,s5 =124 =111

y

(3.3 and 3.4) Find the mean, T}, and variance, S ﬁ , of d, assuming x and y are independent.

Solution: d=y-x
E(d) =E(y - x) =E(y)- E(x) =19.80- 10.13 =9.67

Sax+by =@°S% +b?s{ +2absy
s3=s2  =s2+(-1Ps2+2(-Dsyy =1.24+1.19- 2(0) = 2.43

(3.5) Findthe covarianceof x andd, S 4.
Solution:

s 4 = E[XD]- E[X]E[D] = 96.60 - 10.13(9.67) = - 1.357
(3.6) Find the correlation coefficients, I y .
Solution:

S _ -1.357

r.,= =
s sy 41.1942.43

(3.7) Explain thesign of I' .

=-0.798
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Solution:
Thesign of I' , 4 is negative because from the definition of d, asx increases, d decreases.

1
(4.1) For thejoint PDF, T(X,y) = I,g(x -y) for2E£x£4and1£y£2

1 0 otherwise

, find the marginal

distribution, g(X).

Solution:
¥ 2

\ 1 X
90 = Of(xy)dy = g (x- y)dy = -
-¥ 1

N |

4.2) Find P(y £1.5) when X =4, namdy f(x =4,y £1.5)
15 15
f(x =4,y £1.5) = §f(x =4,y)dy = @%(4 - y)dy =0.4583
1 1

(4.3) Find the conditional probability P(y £ 1.5 | X = 4)using thejoint PDF from problem (12).

f(x=4,y £1.5) _0.4583
9(x = 4) 0.8333

P(y£1.5|x=4)=1f(y}x) = =0.55



