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V. DENSITY FUNCTIONAL THEORY OF FLUID-FLUID INTERFACES

For fluid-fluid interfaces, the density gradients are small enough to be described by local
density functional theory. For fluid-solid interfaces, the density gradients are large enough to
require nonlocal density functiona theory. In this section, we discuss loca density functional
theory.
van der Waals Model

The partition function of avan der Waals fluid has a hard-sphere component and a long-range
attractive component.

\'\/IDW - Ese— bU pa (31)
The Helmholtz free energy of the fluid is
FoW = Eis 4y, (3.2

In the VDW approximation, the fluid is assumed to be structurelessin computing U,, . This
means that the pair correlation function is unity for the long-range attractive component, so

1 \

Un =5 NP ONP (U, (1 - re)drd’re (33
The next assumption of the VDW theory is that the loca Helmholtz free energy density of hard
spheres, f"5(r) , depends only on the local density n(r) at position r .

We can write the free energy of the hard sphere system as afunctiona of the singlet
density distribution:

F™ = ¢ "S(n® ()d’r (3.4)
Substituting equations (3.3) and (3.4) into equation (3.2) yields

EVowW — 6Hs(n(l) (0)Pr +%c\p(1) (r)n® (r9u, (|r - r¢)d’rare (3.5

We can rearrange equation (3.5) to give us aform with more physical insight. To do this, we first
use the relations

[ (r9- n®M)f =n®(r92- 2n®(r)n® (1§ +n® (r)?
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- [h*(9- n®@f +n®(r92 +n® 0y
2

Substituting into the integral of equation (3.5) we have
1 \
E 01(1) ([)n(l) (r_qUU (l[ - I’_¢I)d3rd3r¢

1

=- %c‘{n‘”(r_ﬂa- n®(O)fu,(r- f_¢|)d3rd3r¢+%dn‘l)(r_(92+n‘1)([)2}Jij(| r- rg)drdre (3.6)

=- %c‘{n‘”(r_@- U, (e - f_¢|)d3rd3r¢+%c‘p‘l)([)zuijq r- ré)drd’re

=- 2?9 PO, (1o~ rohdireres ~ n® 07U, (9res

so that equation (3.5) becomes

PO = B0 @)+ 1 07U, @cre's- 5 dn®09 - n® U, - e
(3.7)
Rearrangement yields:
VDW_\,HS [6h) 1\(1) 2 3 U3 E\ [6h) [6h) 2 3,43
FE = O 0V (@) + 5 0V (0°U, ksl £ ane9 - nP ([ U (- oo
(3.8)

Thefirst term is the integral of the Helmholtz free energy density of a homogeneous VDW
fluid, f*(n®(r)),

u

t(n®(n) = g (P (n)+ % o (ORVS (S)dSSH (3.9)

The second term contains al of the free energy due to fluid density inhomogeneities. If there was
an external potential, we would add a third term to equation (3.8)

F(n®(r) = n® (NU e (d’r (3.10)
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The chemical potentia is equal to the functional derivative of F

dF

m= dn—(_r) (3.11)
For the VDW theory,
) =mi(n® () + gn® 9 - n® ()] U, (I - e drer U e (r) (3.12)

where ni(n(r)) isthe chemical potential of a homogeneous fluid at density n.

df"(n)

m(n®(n) = an(o)

(3.13)

What can this model give us?

1. Single-component single-phase bulk behavior

The van der Waals theory gives the density inhomogeneities of a bulk fluid in the presence of an
externa potential. If we specify the chemical potentia of interest, we can find the density
distribution using equation (3.12). The equation is anonlinear integral equation.

If there is no external potential, then the bulk fluid is homogeneous and the singlet density
distribution is a constant. In this case, we have an equation of state for the VDW gas, an equation
which relates density to chemical potential. Equation (3.12) becomes

m=ni(n®) (3.15)
Whoever imagined solving the VDW equation of state could be so much fun?

2. Single-component two-phase interfacial behavior

Aswe know, the van der Waals theory allows for phase equilibria so the above equations can be
used to describe the density inhomogeneities (spatial variation of density) of equilibrium vapor-
liquid interfaces. The inhomogeneities occur in one dimension if the interface is planar. They
occur in 3 dimensions, if not. In that case, one derives the free energy of the interface and takes
the functional derivative of that with respect to the liquid and vapor density distributions. A fair
amount of work isinvolved in rearranging these equations.

3. Multicomponent behavior

The above derivation can be extended to multicomponent mixtures. (In fact in his book, Davis
derives only the multicomponent equations for single-phase bulk and two-phase interfacial
behavior.)

Other Local Density Functional Theories
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In addition to the van der Waal’ s theory, there are other common local density functional theories.

1. Modified VDW Modél

Replace the hard sphere partition function by the repulsive part of a soft sphere fluid. As
before, use the reference pair correlation function of the soft sphere reference fluid rather than
unity to computer that average repulsive energy. Derive free energies based on these
assumptions.

2. Dengity Gradient Theory

Use VDW or Modified VDW free energy functional. Expand free energy functiona in
Taylor series. Truncate after afew terms. The equations controlling equilibrium distributions
become nonlinear differential equations rather than nonlinear integral equations. (Thisonly
works well for small gradients, i.e. gradients due to gravity.)
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V. DENSITY FUNCTIONAL THEORY OF SOLID-FLUID INTERFACES

For fluid-solid interfaces, the density gradients are large enough that the local DFT models
described above do not work well. The free energy functionals can no longer be considered as
functions. The free energy at a given point depends upon the density at other neighboring points.
Solid-fluid interfaces require nonlocal density functional theory. In this section, we discuss
nonlocal density functional theory. We drive the smplest model and then give qualitative
descriptions of the nature of the improvement presented by other models.

One-dimensional hard-rods at a hard wall

The density distribution of one-dimensiona hard rods (1DHR) at a hard wall has an exact
solution, obtainable through statistical mechanics. (See Davis, Chapter 10). However, we
consider the local DFT approximation of the 1DHR system here to introduce ourselves to local
DFT .

Consider a hard wall at x=0 and hard rods of length d. The external potential the wall exerts on
the fluid particles (the hard rods) is

i 3.16
S C (3.16)

The density distribution is

. <d/?
nx) = i 0 x<d (3.17)
|

Mk x>>d/2

In the range of positions where x>d/2, the fluid is inhomogeneous, due to the external potential
caused by the presence of the wall.

It is convenient to split the potential into a reference system and the excess (everything not in the
reference fluid). Most modern Nonlocal DFT theories use a reference system of repulsive short-
ranged interactions.

Unn =Upar +1 Upa (3.18)

In our system | isone, but we explicitly include the factor in the equation (3.18) becauseit is
necessary to define the free energy.

Y ou construct a free energy functional of the form

F=F +F, (3.19)

where we split the free energy into the reference (not repulsive) contribution and the additional
contribution, which contains everything not in F°. The additional component of the free energy
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contains al explicit functionality of both U,, . and I U,, ,. The configuration Helmholtz free
energy of asystem with arbitrary lambda in the N-particle canonica ensembleis given by

o bRy = C\) ' C\p bUpar- bl Ups a dsl’ldsl’N (3.20)

Differentiate with respect to | . Integrate the derivative taking grand canonical ensemble average

1

Fy = OOMONEIG(E U (1 - rOrcre 321

0

The reference free energy functional can itself be decomposed into contributions due to the
externa potential, the ideal gas, and the excess term.

F =R +FR+F, (3.22)
For a one-component system, the free energy contribution due to the external potential is

Fy = QN(OU . ()dr (3.23)
The free energy contribution due to theideal gasis

R = Ot +kTin(n(ry) - Yerr (3.24)

The free energy contribution due to the excess term needs to be constructed. Percus (1981)
defined a generic free energy functional for the excess free energy of the form

Fo =0 (DFR(0 (1) &P (3.25)

where F, isthe excess free energy per particle of a homogeneous hard sphere fluid of density n.

The quantities n’ (r) and n (r) arecalled coarse grain densities that are linear functionals of
density and are related to the local density by weighting functions:

N (r)° ¢p(r- r¢{nhn(r9cqre (3.26)

n'(° - rénhn(rgdire (3.27)

The constraint that the course grain densities must yield the constant density n in the limit of a
homogeneous fluid can be expressed as
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OB (r - ré{npa’re= 3 (r- rénpero=1 (3.28)

At this point, we need to find approximationsto s, t, F,, and g(r,r9 . Equation (3.25) isthe
starting point for most nonlocal DFT.

As an example, consider the one-dimensiona hard rod fluid with length a and nominal
density n, and where x designates the spatial position.

—s léxe ao e aou 1 ao
n(x)== x+ Z+NeX - == X - X - =n(xdx¢ 3.29
) 2818 25 & zﬂ Ojgf ¢| 221( 9 (3.29)

where d(x) isthe Dirac deltafunction. Where did equation (3.29) come from? Basically it came

from someone who knew the analytical solution to the one-dimensional hard rod fluid and used
thelr intuition and experience to construct it. (In other words, | can’t derive it at the moment.)
What does it physicaly say? Equation (3.29) says the course-grained density of the 1DHR fluid is
the average of the density of the fluid at either end of the rod.

—t 12 1. éx ap, e api_1

n(x) == (x9dx¢==c) agricx + —=+ncx - - d1—- x - x0|Sn(x9dx¢ (3.30

) a(?(q aogg 2@8 22}3’2 | l(q) (3:30
2

where h isthe step function. This course grained density says that the space between -a/2 and
al2 is occupied by ahard rod of length a So the density weighting functionals are

s(x- x9 =Ed€;?x- x¢ - 39 (3.31)
2 e 2¢g
and
tx- x9=h& - | x- xa2 (3.32)
a e2 g

The corresponding formulafor F, is
F.(n) = -kTIn(1- na) (3.33)

Equation (3.33) came from the analytical solution to the 1DHR system.

With these definitions of the density functionals and F, , the free energy of a homogeneous
fluid at the local density n, we can evaluate equation (3.25). It turns out for the 1DHR case, that
these definitions yield the exact results. They form the basis for later approximations.

Connection between local DFT and nonlocal DFT

17



D. Keffer, Department of Chemical Engineering, University of Tennessee, Knoxville, 04/03/00

One can obtain the VDW local density functional approximation by choosing
s(r) = t(r) = d(r) (3.34)
and using the Clausius approximation

nkT

P =)

(3.35)

so that
F,(n) = -kTIn(1- nb) (3.36)
Other Nonlocal Density Functional Theories

In addition to the One-dimensional hard-rods at a hard wall theory, there are other nonlocal
density functiona theories.

1. Generalized VDW Modd

s(r) =d(r) (3.37)
and
1
t(x - = hid- 3.38
(x- x9 ﬂp&ggs (d-|r1) (3.39)
3 82,

S0 that the course-grained density n’ (r) =n(r) istheloca density and n (r) isthe dendty localy
averaged over a volume equal to the volume excluded by a particle centered at r.

2. Generalized Hard Sphere Model

Thisfollows from 1DHR theory,

1 ol 0
s(r) = a2 (3.39)
alo e2 2
4pg_+
e2g

and
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L )
t(r)=—__3h89- Ir|2 (3.40)
4888 €2 o
37625

So that we have locally averaged density first over the surface of the hard sphere and second over
the volume of the hard sphere.

3. Tarazona Model

In the above two examples, the weighting functions were obtained heuristicaly. Tarazona
presented a less heuristic method for obtaining the weighting functions. n (r) =n(r)

but n' (r) isthe solution to an integral equation which provides a weighted density functional
based on the weighting function. The function t which defines n (r) isapower-series expansion

inn (r). If you keep only the zero-order term you obtain the generalized VDW model. Tarazona
kept terms up to and including the second-order term.

4. Curtin-Ashcroft Model

Followed Tarazona s lead but used the exact relation for the direct correlation function in
the homogeneous fluid limit to obtain the weighting functional t . It isacomputationally more
expensive way to obtain t but ismore rigorous. (I know nothing about the relative accuracy of
the two methods.)
5. Meister-Kroll Model

“This theory takes advantage of exact DFT in away that can be systematically improved if
homogeneous fluid theory improves.”

19



