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ChE 548 
Final Exam 
Spring, 2005 

 
Problem 1. 
Explain with texts and accompanying sketches how one determines if a molecular dynamics 
simulation has been run long enough to obtain a reliable self-diffusivity.  What will you expect if 
you have not run the simulation long enough?  Given the same temperature, should you have to 
run longer for a liquid or gas? 
 
solution: 
 
Plot the mean square displacement as a function of time on a log-log plot.  compute the 
exponent.  The exponent will be unity if you have reached the long-time limit required by the 
Einstein relation for the self-diffusivity. 
 
If you haven’t run the simulation long enough, the exponent will be between 1 and 2. 
 
You need to run longer for a gas because the time between collisions is longer in a gas. 
 
 
Problem 2. 
Consider an incompressible fluid composed of two components A and B.  Write out the material, 
momentum, and energy balances that describe the steady state profile of material under the 
following boundary conditions. 
 
 ( ) oz ρ==ρ 0   
 
 ( ) AoA wzw == 0       ( ) ALA wLzw ==  
 
 ( ) 00 ==zv    
 
 ( ) lowTzT == 0        ( ) highTLzT ==  
 
You will need to invoke Fick’s law and Fourier’s law.  Write out the equations for each of three 
cases below.  For each case, solve as far as possible for ρ(z), wA(z), v(z), and T(z).   
 
Case A.  This is a general case in which the diffusivity and the thermal conductivity are arbitrary 
functions of composition and temperature 
 
 ( )TwDD A ,=     and  ( )Twkk Acc ,=  
 
Case B.  This is a specific case where the diffusivity is a function of temperature, but not 
composition, and the thermal conductivity is constant. 
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o exp   and  cc kk =  

 
where Do, Ea, and R are constants. 
 
Case C.  This is a specific case where both the diffusivity and the thermal conductivity are 
constant. 
 
 DD =      and  cc kk =  
 
Show all work involved in each step of the derivation.  State any additional assumptions that you 
make.   
 
You may find the following integral useful. 
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where the well-known exponential integral is defined as 
 

 ( ) ( )dt
t

xtxnEi n∫
∞ −

≡
1

exp, . 

 
(It is perfectly acceptable to write a solution in terms of Ei.) 
 
solution: 
 
The total mass balance for the system is given by the continuity equation 
 

 ( )vρ⋅−∇=
∂
ρ∂
t

,         (1) 

 
The mass balance on component A is given by  
 

 AA
A w

t
w

jv ⋅∇−∇⋅ρ−=
∂
∂

ρ   .        (2) 

 
The consitutive equation used to obtain the total diffusive flux is  
 

AA wD∇ρ−=j           (3) 
 
where D is Fickian diffusivity for the binary system.  So our material balance for component A is  
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 AA
A wDw

t
w

∇ρ⋅∇+∇⋅ρ−=
∂
∂

ρ v   .       (4) 

 
 Our next evolution equation is a momentum balance, which we will write in a general 
form as 
 

 ( ) gvvv
ρ+⋅∇−∇−ρ⋅−∇=

∂
ρ∂

τp
t

  .       (5) 

 
Here p is the pressure, τ is the extra stress tensor, and g is an external field, e.g. a gravitational 
field. 
 The energy balance will have the form 
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Case A.  The general case 
 
Because the fluid is incompressible, the density is constant.  
 
 ( ) oz ρ=ρ           (7) 
 
 For our incompressible fluid at steady state, the total mass balance becomes: 
 
 v⋅∇ρ−=0 ,          (8) 
 
As a consequence the velocity is constant.  Since our boundary conditions set the velocity to 
zero, there is no velocity anywhere in the system. 
 
 ( ) 0=zv ,          (9) 
 
At steady state, the mass balance on A becomes,  
 
 AwD∇⋅∇ρ=0   .         (10) 
 
where the accumulation term dropped out because we were at steady state and the convection 
term dropped out because the velocity is zero. 
 At steady state and in the absence of convection, the energy balance becomes 
 

q⋅−∇=0   ,          (11)  
 
Substituting in Fourier’s law we have 
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( )Tkc∇⋅∇=0   ,         (12)  

 
Therefore, for the general case where the thermal conductivity and the diffusivity are functions 
of composition and temperature, our solution for ρ(z), wA(z), v(z), and T(z) is given by equations 
(7), (9), (10), and (12). 
 
Case B.  Specific case with diffusivity temperature dependent and thermal conductivity constant. 
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We have these two ODEs. 
 
 AwD∇⋅∇ρ=0   .         (10) 
 

( )Tkc∇⋅∇=0   ,         (12)  
 
The temperature ODE is easy to solve because the thermal conductivity is constant. 
 

2
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We can easily integrate this and fit the constants to match the boundary conditions given.  The 
solution is a straight line that passes through both boundary conditions. 
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We can now examine the composition balance. 
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For our one dimensional problem we have 
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If the gradient is zero, then the quantity is constant, c. 
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Integrate. 
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Let’s integrate over T instead of z.  From (14) we have 
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where the well-known exponential integral is defined as 
 

 ( ) ( )dt
t

xtxnEi n∫
∞ −

≡
1

exp,         (24) 

 
so 
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where the T(z) is given by equation (14) and c must be made to fit the second boundary 
condition. 
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We see that the solution is a function of boundary conditions and the activation energy for 
diffusion. 
 
Case C.  Both diffusivity and thermal conductivity are constant. 
 
 DD =     and  cc kk =  
 
We have these two ODEs. 
 
 AwD∇⋅∇ρ=0   .         (10) 
 

( )Tkc∇⋅∇=0   ,         (12)  
 
The temperature ODE is easy to solve because the thermal conductivity is constant. 
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We can easily integrate this and fit the constants to match the boundary conditions given.  The 
solution is a straight line that passes through both boundary conditions. 
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We can now examine the composition balance.  It is also easy to solve because the diffusivity is 
constant. 
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Both the composition and temperature profiles are linear and are functions only of the boundary 
conditions.  They are not functions of the diffusivity or thermal conductivity. 


