D. Keffer, ChE 505, Dept. of Chemical Engineering, University of Tennessee, Knoxville

Homework Assignment Number Six
Assigned: Tuesday, November 9, 1999
Due: Tuesday, November 23, 1999 BEGINNING OF CLASS.

In the file PDES05.zip, there is a code syspde_para.m with input file syspde_para_input.m that will solve
systems of linear or nonlinear parabolic PDEs. Use this code to solve the following problems.
Problem (1) Combined diffusion with exothermic reaction problem (transient analysis)

Consider acylindrical rod of nanoporous solid material. Inside thisrod areactant A is being converted to product
B in afirst order, irreversible reaction.

heat loss to surroundings at T,

T(x=0,)=300K T(x=L,)=300K
CA(x=0,1)=1.0 mol/liter daCil _o0
d dX x=L,t

A
v

Figure One. Schematic of System
L isthe length of the rod and d is the diameter.
If we assume that the distribution of A isuniform in the radial dimension, then a molar balance on
component A yields:

acc =in-out +gen

2
TCs _ D f CZA - kC, (1)
qt Ix
where

C, isthe concentration of A [moleg/liter]

D isthediffusivity of A intherod [m?/sec]

t istime [sec]

X isgpatial position [m]

The rate constant, K , is given by

- Ea
k=k,eRm 2
where
k0 is the exponential prefactor [Vsec]
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E, istheactivation energy [Joules'molé€]
T isthetemperature [K]
R isthe gas constant [8.314 Jmole/K]

Heat islost to the surroundings at the surface of the cylinder. Heat is also generated via the exothermic reaction.
Therefore an energy balance can be written as

2
1T _ f°T_DHKC,  hA

= surf (T _ T) (3)
Tt ™ rC, rCVv "
where
a= K,
rc,
and where
a isthethermal diffusivity [m?/sec]
DH_ isthe heat of reaction [¥mol]
I isthe fluid molar density [mol/liter]
Cp is the fluid heat capacity [JYmol/K]
k. isthethermal conductivity of the medium[Jm/K/sec]
h isthe heat transfer coefficient [Im?/K /sec]
A, isthe surface area of the rod [m?]

V isthevolumeof thesyssem  [m’]

T, isthe temperature of the surroundings  [K]

Initially, the entire nanoporous material contains A at a concentration of C, , and at atemperature of T, .
C.(xt=0)=C,, (4.9)
T(x,t=0)=T, (4.b)
The temperature and the concentrations at x=0 are maintained at constant values.
C.(x=0,t)=C,, (5.8
T(x=0,t) =T, (5.b)
At the other end of the rod, the flux of A is zero and the temperature is maintained at a constant value.

dc,
dx oo

=0.0 (5.0
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T(x=L1t)=T, (5.d)

Thus we have afully specified system of coupled nonlinear parabolic partial differential equations in one spatial
dimension.

Your task is to find the steady state and transient behavior of the Temperature and Concentration of A.
You are to submit:

(a) your input file, containing the PDEs. (Not the entire syspde_para.m code.)

(b) The reduced temperature and concentration profiles (T/T, & Ca/Ca ) @ time = 10, 100, 1000, 4000,
& 16000 seconds. (5 plotstotal.)

(c) Discussion, including qualitative explanation of the behavior. Which term (diffusion, reaction, or
heat |oss) dominates in the energy balance? Why? Which term (diffusion or reaction) dominates in the mass
balance? Why? Which term is causing the behavior seen in the profiles at time = 100 sec? Why? Whichtermis
causing the behavior seen in the profiles at time = 16000 sec? Why?

parameters:
Cho=1.0 [moles/liter]
C,:=1.0 [moles/liter]
T, =400 [K]
T, =400 K]
T, =400 [K]
D=1.0x0" [m?%/sec]
L=0.2 [m]
d=0.01 [m]
k, =5000.0 [Vsec]
E, =4x0* [Joules/mole]
R =8.314 [Jmole/K]
DH, =-5x10° [Jmol]
r =100.0 [kg/m?]
C, =4000.0 [Jkg/K]
k. =200.0 [Im/K/seq]
h=4.0 [Im?/K /sec]
A, = pdL [m?]

2

V= deL [m’]
T =250 [K]
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Solution:

| used the code syspde param
The boundary condition and initial conditions from that function are shown below:

function y_out = syspde_boundary_conditions(k_eq, k_bc, x,t,yl,i_x, dx);
if (k_bc == 1)
if (k_eq == 1)
y_out = 1.0;
elseif (k_eq == 2)
y_out = 400;
end
el se
if (k_eq == 1)
y_out = yl(k_eq, i_x-2)- 2*dx*(0.0);
elseif (k_eq == 2)
y_out = 400;
end
end

function y_out = syspde_initial_conditions(k_eq,X);

if (k_eq == 1)
y_out = 1.0;
elseif (k_eq == 2)
y_out = 400;

end

The code from the input file, syspde para input.m, is shown herein its entirety.

function dydt = syspde_para_i nput(n_eq,i_x_v,yl,t,dxi, n)
% eval uate spatial derivatives
for k_eq = 1:1:n_eq
for i_x =i_x_v(k_eq,1):1:i_x_v(k_eq,?2)
Y%lydx_matrix(k_eq, i_x) = 0.5%( yl(k_eq,i_x+1) - yl(k_eq,i_x-1) )*dxi;
d2ydx2_matrix(k_eq,i_x) = ( yl(k_eq,i_x+1) - 2.0*yl(k_eq,i_x) + yl(k_eq,i_x-1) )*dxi"2;
end
end

%
% evaluate tenporal derivative for all equations at interior nodes

%

dydt = zeros(n_eq, nx);

% input paraneters
0.2

L = 2;

d = 0.01;

D = 1.0e-7;
ko = 5000. 0;
Ea = 4. 0e+4;
R = 8. 314;
DH = -5000000. 0;
rho = 100. 0;
Cp = 4000.0
kc = 200.0
h = 4.0;

afac =
ffac = afac*Tsurr;
rfac = DHr/ (rho*Cp);

%for k_eq =1

% mass bal ance

k_eq = 1;

for i_x =i_x_v(k_eq,1):1:i_x_v(k_eq,2)
T =y1(2,i_Xx);
Ca = y1(1,i_x);
k = ko*exp(-Ea/ (R*T));
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rate = k*Ca;

dydt (k_eq,i_x) = D*d2ydx2_matrix(k_eq,i_x) - rate;
end
% for k_eq = 2
% energy bal ance
k_eq = 2;
for i_x =i_x_v(k_eq,1):1:i_x_v(k_eq,2)

T =y1(2,i_Xx);

Ca = y1(1,i_x);

k = ko*exp(-Ea/ (R*T));

rate = k*Ca,;

dydt (k_eq,i_x) = D*d2ydx2_matrix(k_eq,i_x) - rate*rfac + ffac - afac*T,;
end

| used 80 spatia intervals with 100 temporal intervals to see the behavior up to time = 10 sec.

| used 40 spatia intervals with 500 temporal intervals to see the behavior up to time = 100 sec.
| used 20 spatid intervals with 2000 temporal intervals to see the behavior up to time =
1000,4000,8000, & 16000 sec.

Sample plots follow.
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Problem (2) Solve asingle hyperbolic PDE.

U _ 1
ﬂXZ _2

Ty
t*

where ¢ = 2.
Use the following initial and boundary conditions.

U(x =0,t) =0.0

U(x =L,t)=0.0

U(x,t=0) = a(x - Lx)+b>s|n€;E6 9
a

—(x,t =0)=0.0
dt
where L = 2.0 and a= 0.01 and b= 0.001. | was able to solve this problem from time = 0 to 2.5 seconds, using 40

spatial intervals and 1000 temporal intervals.
Turnin aplot of the position and velocity fort =0, 1, and 2.5 seconds.
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Solution:

These were the initial and boundary condition functions:

function y_out = syspde_boundary_condi tions(k_eq, k_bc, x,t,yl,i_x, dx);
if (k_bc == 1)

if (k_eq == 1)
y_out = 0;
elseif (k_eq == 2)
y_out = 0;
end
el se
if (k_eq == 1)
y_out = 0;
elseif (k_eq == 2)
y_out = 0;
end
end

YUprintf(l,'BC k_eq= % kbc= % i_x = % x =% t =% yout = % \n',k_eq, k_bc,i_x,x,t,y_out)

%

% | NI TIAL CONDI TI ON FUNCTI ON

%

function y_out = syspde_initial_conditions(k_eq,X);
gl obal xo xf

if (k_eq == 1)
a = 0.01;
b = 0.001;
L = xf - xo;

% _out = a*(x"2-L*x);

y_out = a*(x"2-L*x) + b*sin(6*pi*x/L);
elseif (k_eq == 2)

y_out = 0;
end

here is the PDE function from syspde_para_input.m

function dydt = syspde_para_i nput(n_eq,i_x_v,yl,t,dxi, n)

% eval uate spatial derivatives
% or k_eq = 1:1:n_eq
for k_eq = 1:1:1
for i_x =i_x_v(k_eq,1):1:i_x_v(k_eq,2)
Y%dydx_matrix(k_eq, i_x) = 0.5%( yl(k_eq,i_x+1) - yl(k_eq,i_x-1) )*dxi;
d2ydx2_matrix(k_eq,i_x) = ( yl(k_eq,i_x+1) - 2.0*yl(k_eq,i_x) + yl(k_eq,i_x-1) )*dxi"2;

end
end
%
c = 2
c2 = cn2;

%

% evaluate tenporal derivative for all equations at interior nodes
%

dydt = zeros(n_eq, nx);

% for k_eq =1

% position

k_eq = 1;
for i_x =i_x_v(k_eq,1):1:i_x_v(k_eq,2)
dydt (k_eq,i_x) = y1(2,i_x);
end

% for k_eq = 2
% velocity

k_eq = 2;
for i_x =i_x_v(k_eq,1):1:i_x_v(k_eq,2)
dydt (k_eq,i_x) = c2*d2ydx2_matrix(1,i_x);
end
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here are the sample plots of the solution (position is black and velocity is red):
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Problem (3) Solveasingleeliptic PDE.

2 2
U, 1

0 =f(xy)=0

Use the following boundary conditions.

U(x=0,y)=0.0
_ _y
U(x = =2
(x=1y) 20
U(x,y =0)=0.0
1 . ax0o
U(x,y =1) =—sinc—=
(xy=D=2ysinc

Show the U profile.

Solution:

| was able to solve the problem using Liebmann’s method. | used lambda = 1.5. | used 20 spatia intervalsin the x
and y directions. My initial guess for the value of the interior nodes were all 0.0. It took 95 iterations to converge

to aroot mean square error less than 1.0e-6.

Here are the 2-D and 3-D color contour plots of the solution.
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| used the MATLAB code from the notes on Liebmann’s method in the eliptic PDE section of the
course lecture materia. |1 modified only the number of intervas, the value of lambda, the
boundary conditions and the initial guesses.

Here isthe code precisely as| used it.

function U = ell _liebmann

clear all

%

% Sol ve Lapl ace's equation using Liebmann's nethod
%

% Assunme Dirichlet Boundary Conditions
%

% Author: David Keffer

% Departnent of Chemi cal Engineering
% University of Tennessee, Knoxville
% Last Updated: October 24, 2000

%

%ol ve for several values of |anbda
% anbdav = [1.0:0.1:1.9];
| ambdav = [1.5];
for k = 1:1:1ength(l anbdav)
| ambda = | anbdav(Kk);
% number of intervals
nx_int = 20;
ny_int = 20;
% number of nodes
nx = nx_int + 1;
ny = ny_int + 1;
% grid points in x and y
X0
xf
yo
yf
dx - x0)/nx_int;
dy = - yo)/ny_int;
xgrid = [xo:dx:xf];
ygrid = [yo:dy:yf];
%initialize U and Uold
U = zeros(nx, ny);
Uol d = zeros(nx, ny);
% Fill in Uold with four dirichlet BCs
for j = 1:1:ny

0
0;
0;
f
f

12
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% BC for x = xo

Uol d(1,j) = 0.0;
% BC for x
Uol d(nx, j)
% BC for y

Uol d(j ,
% BC for y
Uol d(j , ny)

rid(j)/ 20;

<< X
-1l 0@ =

0.0;

nunkEnnun

o<

.05*sin(pi *xgrid(j)*0.5);

interior nodes of Uold with initial guess

% iteratively solve
%
maxit = 100;
err = 100;
tol = 1.0e-6;
icount = O;
while (icount < maxit & err > tol)
icount = icount + 1;
Uold = U;
for i = 2:1:nx-1

for j = 2:1:ny-1

% appl y Liebmann's nethod

Ui, j) = (Ui+1,j) + U(i-1,j) + UCi,j+1) + Ui, j-1) )*0.25;
U(i,j) = lambda*U(i,j) + (1-1anmbda)*Uol d(i,j);
end
end
% cal cul ate error
err = 0.0;
for i = 2:1:nx-1

for j = 2:1:ny-1
err = err + (U(i,j) - Uold(i,j))"2;

end
end
err = sqgrt(err/((nx-2)*(ny-2)));
end
fprintf(1l,' landba = % iteration = % , error = % \n',lanbda, icount, err);
% pl ot
xmn = xgrid(1);
xmax = xgrid(nx);
ynmin = ygrid(1);
ymax = ygrid(ny);

ncontourlines = 50;
Urn = mn(mn(U));
Umax = max(nmax(U));
if (abs(Um n-Umax) < 1.0e-8);
fprintf(1l,'Solution is a flat plane with value = % \n', Ut n)
el se
pl ot _di mensions = 3;
if (plot_dinensions == 3)
contour3(xgrid, ygrid, U ncontourlines);
axi s([xmin xmax ymn ynax Um n Urax])
el se
contour(xgrid, ygrid,U ncontourlines);
axi s([xm n xmax ymn ynmax])
end
x| abel (' x");
ylabel ("y");
col or bar
end
end
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