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Problem (1)

Consider the system of two linear ODES.

% gy 1ox, -3
dt
P oy +6x, -6
dt

Determine the location, type and stability of the critical point.
Problem (2)

Consider the system of two nonlinear ODES.

P gy ax_3
dt
dx
d—t2=2X12 —6X2 —6

Determine the approximate location, type and stability of the critical point near [0,0].
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Solutions:
Problem (1)

Consider the system of two linear ODES.

% gy 1ox, -3
dt

dx
d—t2:5xl+6x2 -6

Determine the location, type and stability of the critical point.

In order to determine the location of the critical point, we solve

Ax=b

- {6 9}—[25 _83]
= detiéi -5 8 "3 3

x=A"b= [22 gﬁ - [_6511186} ) hﬂ

In order to determine the type and stability of the critical point, we need the eigenvalues of A.

8-1 9
A=)l =
= = | 5 6-1
8-2)6-1)-45=0
A? —14)+48-45=72% —141+3=0

2
o _14%4147 —4-1.3 =14i2\/184 13.788,0.22

21

Eigenvalues are purely real. Therefore the type of critical point is an improper node. The eigenvalues are both

positive, therefore the critical point is unstable.



Problem (2)

Consider the system of two nonlinear ODES.

%&=8m+3ﬁ—8

df2=2xf—6x2—6
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Determine the location, type and stability of the critical point near [0,0].

To determine the location of the critical point
f,=8x,+3x; -3=0

f, =2x> -6x,-6=0

, we must solve,

Since this is a system of nonlinear equations, we must use an iterative method. We will use the Newton-Raphson

method. The Jacobian and residual are:

8 6x,
J=
= |4x, -6
R__8x1+3x22—3
| 2%/ -6x,-6

0
Take as an initial guess X = [0} .

First Iteration.

'8 0 -6 0
J= detJ)=—48 J*lzi
=70 -6 = "_l0 8
__3:|
B:
|—6
. 1 [-6 0]-3 17187 |3
= —48] 0 8|-6] —48/-48] |°
new old |:0— § E
O] 1-1] |-1
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Second lteration.

(8 -6 L 1 [-6 6
g 6 det(J )= -48+9=-39 It 3

-6 6|3 —0.4183
-39| 5 37| 100577

iy 3 {— 0.4183} {— 0.0433}
°| |-00577] | -1.0577

Third Iteration.

det(J )= -49.0984

The critical point is at {

~0.0433) -6 -0.1731 -6

8 6(-1.0577)] [ 8 —6.3462
4( B
i 0.1222 —0.1293
= 1-0.0035 -0.1629

8(-0.0433)+ 3(-1.0577)* -3 { 0.01 }
2(~0.0433)* - 6(-1.0577)-6 | |0.3499

4 [ 0.1222 —0.1293}{ 0.01 } {0.0440}

—0.0035 -0.1629 | 0.3499 0.0570

old —0.4183| |0.0440 0.0007 0
B — |-0.0577| |0.0570 —1.0006 -1

0
J. (We can see that this exactly satisfies the system of equations.)

In order to determine the type and stability of the critical point, we need the eigenvalues of g
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Eigenvalues are purely real. One eigenvalue is positive and the other eigenvalue is negative, therefore the critical
point is a saddle point. All saddle points are unstable.



