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Common Transformations in Linear Algebra

(A self-contained series of lectures describing the transformation
matrices most commonly encountered in engineering)
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1. Creating an Orthogonal Basis Set
1.A. Introduction to Basis Sets

A basis set is just a set of linearly independent vectors that spans a given space or subspace of interest to us.
For example, in three-dimensional space in cartesian coordinates, a basis set for all of 3-D space is

1 0 0
b,=|0|,b,={1|,and b, =|0 (1.1)
0 0 1
which can also be written as
1 0 0
B=[b, b, bJ={0 1 0|=[ j K] (12)
0 0 1

This set of vectors spans 3-D space. By spanning we mean that any point in 3-D space can be described as a linear
combination of our basis set vectors. However, this basis set is certainly not unique. Other basis sets that span all
of 3-D space are

and
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because these vectors are all independent. The rank of these basis matrices is 3.
Examples of sets of vectors which are not basis sets are as follows:

210 10 1000
B=|2 1 0[,B=[10|,andaB={01 01
00 1 01 00 11

The first example is not a basis set because the first two columns are not linearly independent. The rank of this
matrix is 2. The second example is not a basis set because this set of vectors does not span all of 3-D space. The
rank of this matrix is 2. The third example is not a basis set even though it spans all of 3-D space. It an additional
dependent vector. A basis set has the minimum number of basis sets necessary to span the space.

Sometimes we are not interested in all of 3-D space. Perhaps we are only interested in the y=x plane
through 3-D space. Then we have a basis set as follows

(fos]

Il
O = =
- o O

The rank is 2, because we are in a 2-D subspace of 3-D space.

1
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In order to get started talking about orthogonal or orthonormal (meaning both orthogonal and normalized to
unity) basis sets, we should start with one such basis set that we already know. As shown above, a basis set need not
be orthogonal, normalized, or orthonormal. However, as we shall see, orthogonal and orthonormal basis sets have
many pleasing properties. An orthonormal basis set for three-dimensional space in cartesian coordinates is
which can also be written as

lles)
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0
0 =[i j 1&] (1.2)
1

b, b, =3, (13)

In words, (1) the dot product of any pair of distinct basis vectors is zero and (2) the dot product of a basis vector
with itself is unity. If only the first condition is met the basis set is orthogonal. If both conditions are met, the basis
set is orthonormal. If neither condition is met, the basis set is neither orthogonal nor normalized.

1.B. Use of a basis set

All points in space can be described as a linear combination of a sample-spanning basis set. For example,

the point a = [2 05 - 3]T in three-dimensional Cartesian space can be written as
a=2-b+0.5b,-3-b,=Ba (1.4)

However frequently, we don’t want to use this simple basis set for three-dimensional Cartesian space.

example:

Frequently when you obtain x-ray crystallographic data of the atomic coordinates of a crystalline material
you are given the cell symmetry, the axes lengths, and the atomic coordinates in the (non-cartesian) reference frame
of the crystal (defined by its axes and a (0,0,0) origin.

Consider an atom in a crystal cell with axes defined by
a=14A,b=14A, c=8A. 0,5 =120°, B5c = 90°, B¢ = 90°, and scaled (from 0.0 to 1.0) atomic position (in the
crystal cell frame of reference) (0.25,0.5,0.25). Find the atomic position in cartesian coordinates.

Here we have a vector X = [0.25 0.5 0.25]T but it is not based on the ordinary 3D Cartesian space

basis set of equation (1.1). Rather, it is an expression a linear combination of the crystal cell axes. Given the angles
above and a little experience dealing with crystal cells, any crystal cell axes can be written as (see Appendix)

a bcosO,, 0
B” =0 bsin0,, 0
0 0 c

Is this basis set orthogonal or normalized? Check it.
b, b, =abcosO,; #0

so it is not orthogonal.
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b,-b =a’#1

so it is not normalized. Sometimes, the problem does not lend itself to an orthonormal basis set.
Regardless, we can first transform the unit cell axes to standard cartesian coordinates, using elementary
trigonometry and algebra.

a bcosO,, 0
B” =0 bsin6,, 0
0 0 c

See Appendix I for the derivation of the generalized method for obtaining this transformation matrix as well as for
the calculation of this particular example. We superscript this matrix because it is our starting point in the
transformation.

The atomic position in the crystal cell frame of reference was

0.25
x" =05
0.25

The expression of this vector in standard 3D Cartesian space is given by equation (1.4)

0.25a+0.5bcos O,
x? =Bx" = 0.5bsin 0,
0.25¢

This provides one example of how transformation matrices work. In this example, the fact that the basis set was not
orthonormal didn’t matter. In other transformations, particularly in rotational transformations, we see that it can be
very useful.

1.C. Creating an orthonormal basis set

One process of creating an orthonormal basis set from some other set of sample-spanning basis vectors is
called Gram-Schmidt Orthogonalization. There are other methods: modified Gram-Schmidt and Householder
processes which are more amenable to computer applications. However, this one is nice and simple. We will stick
to it.

. o . 1 1 1
In Gram-Schmidt Orthogonalization, we start with vectors b 1( ),bz( ),93( " for a 3-D vector space. The
superscript (1), indicates our starting point. These vector are not orthogonal. We want to create an orthogonal basis

2 2) @
set that spans the same 3D space or subspace, l_)l( ),l_)z( ),1_33( ' Let

b,” =b," (1.5)
(2) 1) (2)

l_)z = ]22 0, l_)l (1.6)
(2) @) (2) (2)

by" =b, —a;;b " —a,;b, (1.7)
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and in general

2 _ 1. (2) 2) (2)
b;” =D, _al,ibl _az,ibz _"'_a’i—l,ihi—l (1.8)

=1 —1

where

(2) o
A = hj(z) l_)i(z) (1.9)
]_3j 'l_)j

These vectors are orthogonal. They are not normalized. If we want them normalized, then we have to normalize
them ourselves by

1

(2) _ (2)

b, " = ‘b (2)‘121 (1.10)
~1

where the magnitude is determined by

|§| = (1.11)
example:
Create an orthogonal basis set from the basis vectors:
a bcosO,, 0
BY” =0 bsin®,, 0
0 0 c
a
b1(2) :b1(1) -0 (1.5)
0

(2) )
b, " -b," abcosO,; bcosO,,

Ay, = 2 = 2) 2 =
hl()'l_)l() a a
2 1
o _hl()'h3()_0_0
1,3 2 2 2
]21()'1_)1() a
2 1
o ~ ]22() ]23() ~ 0 0
2377 2 ) 2
bz() ]22() a
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bcos0,;

bcos0,; ——a 0
a
l_)z(Z) zhz(l) _al,zhl(Z) = bSineAB -0 = bSineAB (1.6)
0-0 0
0
l_)z(z) :]23(1) _a1,3l_)1(2) _az,al_)zm =0 (1.7
C

So that our new orthogonal basis set is

a 0 0
B®=|0 bsin@,, 0
0 0 c

If we normalize these, we have

1
B® |0
o

o = O
—_ o O

1.D. Properties of an orthogonal matrix

The most important property of an orthogonal basis set is that it’s inverse is the same as its transpose.
B =B (1.12)

This is a very nice feature because calculating the inverse is a pain in the ass but calculating the transpose is trivial.
The adjoint of a matrix is defined to be the complex conjugate of the transpose.

B=(8") (1.13)

Since most of the time, we have real matrices, the complex conjugate of a matrix is the matrix itself and the
adjoint is the transpose

B = (ET ) = ET for real matrices (1.14)

In this case (a real orthogonal matrix), when

[los]i

T -1 . .
=B =B ', the matrix is called unitary.
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2. Transforming coordinates systems

A point in space, P, is meaningful only if the relevant coordinate system is known. For whatever,
sometimes one coordinate system is preferable over another. Therefore, we need to know how to change coordinate
systems.

An N-dimensional coordinate system, C'", is defined by an origin,o’, and by N independent N-dimensional
vectors (a basis set, B).

The default three-dimensional cartesian coordinate system, C, has a basis set:

o9,

O

[
o o -
o ~ O

0
0
1
and an origin

0 =10
0

o is a vector expressed in the default three-dimensional cartesian coordinate system, C. In general o, is related
to any other arbitrary coordinate system as

1), (1 1 2) (2 2
a=B"x" 10" =B®@x? 1o?

This equation assumes that both origins are given with respect to C. In the case where the coordinate system is
C, then

o= E(O)X(O) n 0(0) _ 5(0)

. . 2) .
If we want to change from C"" to C', where there is no reference to C'”), then the second origin, g( ) , 1s naturally
expressed in the coordinates of the first coordinate system, C" .

. 2 . . .
In this case, we must first transform g( ) to C, in order to use the formula given above. This
transformation is obtained the same way as any other point is transformed

!

o(2) — 2(1)9(2) +0(1)

so that our generalized equation for transformation becomes

1) (1 1 2) (2 2 2) (2 1) (2 1
OLIB()X()-I—O():B()X() (2) E()() Q”o” (1

. 2) . . . .
in the case where g( ) , is expressed in the coordinates of the first coordinate system, C'" . Let us look at some
specific examples below.
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2.4. Changing origin only (same basis set)

If we have a point in space 5( ) , with respect to a coordinate System C", with origin at & and basis set

Z((D and we want to change the coordinate system to System C'”, which has the same basis set, E , but a different

. 2 . . . .
origin, g( ) , the transformation from C" to C?’ is accomplished by the following:

1 1 1 2 2 2
a=B"x" 10" =B®x® 4 o® (.12

So that the representation of the point in the new coordinate system is

1 -1
x? —g® Emgn+dn_dm]zlm+§m bw_gw] (2.1b)

)

. . 2) . . . . 1 ..
Again, this assumes that the Q( is given according to the same coordinate system as O @ . If it is not, we must

2
first transform g( ).

example 1:
The center of a mass of a nitrogen molecule is at a point (1,2,3) in the laboratory frame of reference, which

has an origin of (0,0,0) and the basis vectors given by the 3x3 identity matrix, !3 . In the center-of-mass frame of

reference, the origin is at the center of mass, namely (1,2,3). The center of mass coordinate system has the same
basis vectors as the lab. The nitrogen atoms are at points (1.06, -1.06, 0) (-1.06, 1.06, 0) with respect to the center of
mass. Find the position of the atoms in the laboratory frame of reference. In this case C" is the molecular frame of
reference and C? is the lab frame. Here the second origin is given with respect to the same coordinate system as the
first origin, namely C* .

1.06 7 [1 0 0]([1] [0 2.06
X =[—-1.06 [+|0 1 0[{[2]|-|0|}=]|0.94
0 0 0 13| |0 3
and
-1.06] [1 0 0](1] [o ~0.06
Xy =| 1.06 [+|0 1 0}|2|-|0]|t=| 3.06
0 0 0 1|3 |0 3

We can see the graphical interpretation of this transformation in Figure 1.
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N2:(0,3,3) or (1.,-1,0)

center of mass: (1,2,3) or (0,0,0)

NI: (2,1,3) or (-1,1,0)

x-y plane of N, problem

Figure 1.
example 2.

Consider a two-dimensional coordinate system with an origin at O @ =(1,1) in the laboratory frame, C

2
and a basis seta B! = {0 5| Consider a second coordinate system with an origin at 9(2) =(1,1)in C"" and the

same basis set. We want to express the point 5(1) =(2,2) in terms of C? . In other words, find 5(2)

Since the second origin is given with respect to the first coordinate system, we need to account for it

!

a=B"x" 10" =B®x® 4 o® =

[[vs]

(2)y () +§(1)0(2) +o
R . (2)
earranging for X' °, we have

(1 ~(2)

-1 -1
x? —g® [Emz(”+9(1) _BMo® o }:5‘2) Emlm_

(ley;

Since the basis sets for C" and C® are the same, we have

x@ — ™ _ 5@ _ 2| (1_|1
- - 2| |1 1

We can see the graphical interpretation of this transformation in Figure 2. In Figure Two, C is shown for
reference purposes only. It was never used in the calculation.
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point: (5,5) or (2,2) or (1,1)

9(2)

v

|

I
1 2

|

0© !
= 5

Figure 2.
2.B. Changing basis set only (same origin)
If we have a point in space 5( ) , with respect to a coordinate System C'", with origin at 0 and basis set
1 . . . . 2
2( ’ and we want to change the coordinate system to System C®, which has a different basis set, E( ) , but the

same origin, O , the transformation from C" to C® is accomplished by the following:
1 . L . . 1
2.B.1. express §( )’ as a linear combination of the column vectors (basis set) in 2( )

a=B"x" 2.2)

or equivalently in scalar form:

_ M, D 1) 1 1 1 ()] 1)
a _Xl l_)l +X2 l_)2 +"'+Xn—l hn—l +Xn l_)n (23)

Our vector of unknowns, O, is just a representation of the point g( ) with respect to the standard n-dimensional
cartesian basis set, i.e.

0

([oe

Il
o o -
=
—_ o o

2 . L. . . 2
2.B.2. express §( ) as a linear combination of the column vectors (basis set) in E( )

o= 2(2)5(2) (2.4)
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equate O in equation (2.4) and (2.3)

a=B"x" =B¥x® 25)

2
Solve for 5( )

-1
x? =B 'BVx® = Mx®

We can see the physical meaning of the M change-of-basis matrix if we attempt to express one basis set as a linear
L . 1 . o
combination of the other basis set. Express each column vector of g( ) as a linear combination of the column

. . 2
vectors (basis set) in E( )

@1 _ (2) (2) (2) (2) s

b/ =m,;,,b" +m,b," " +...+m; b 7 +m; b fori=1toN  (2.5)
or in matrix notation
(0] (2)

b =B"m, (2.6)

We can obtain our vector of unknowns, m;

m, =B? 'p," @7
We have N of these equations which we can write as

E(1) _ E(Z)M 2.8)
or as

M = E(”_l B" 2.9)

The M change-of-basis matrix is just a way of expressing one basis set as a linear combination of another basis set.

Before we look at an example we should see that the reverse transformation can also be acccomplished by
1 L@ @
é():B() B()z()

Now, in equation (2.9) we have a definition for the transformation matrix M for a change of basis from 12>2. If

we take the inverse of ¥ , we find that

M- = (2(2)—‘]3(1))‘1 _g0'g®

10
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so that the reverse transformation, from 2 = 1, can be carried out with the inverse transformation matrix.

-1 _
x® =B"'B?x® =M 'x®

example 1:

We have a vector with the value x =(1,0,1) in a coordinate system with basis vectors (1,0,0), (0,1,0), and (0,1,1).
Express this vector in a coordinate system with basis vectors (2,0,0), (2,2,0), and (0,0,2).

100 220 0.5 =05 0
BY=l0 1 1|, B?={0 2 0|, B®”' =|0 05 0
00 1 00 2 0 0 05
0.5 =05 01 0 o] [0.5 -05 -0.5
M=B?'B”=[0 05 00 1 1|=[0 05 05
0 0 05/00 1|0 0 05

05 —05 —05]1 0
<2>:§<2>“B“>x<”= x"=0 05 05]0[=]05
0 0 05]1] |05

Now change back:
2 2 0
M'=0 2 -2
0 0 2
2 2 0 0 1
_(1)=§“)_12(2)§(2)=¥_1—(2)— 0 2 —20105/=l0
0 0 2 (0.5 1
example 2:

Consider a two-dimensional coordinate system with an origin at O @ in the laboratory frame, C and a

(2)

. . . .. 2 1) .
} . Consider a second coordinate system with an originat 0" * =0 @ in € and the

2
basis seta B =
= 0

. 1 . 2
} . We want to express the point 5( )=(1,1) in terms of C® . In other words, find 5( ).

0 1

2 2) 1) (1 1
x? =B By - M

11
basis set E(Z) = {

11
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S Y S R R

We can see the graphical interpretation of this transformation in Figure 3. In Figure 3, C' is shown for reference
purposes only. It was never used in the calculation.

y 'y A y
7 4
36 —+
5 4
5
24 +
4
3 =+
3
12 —+ .
5 point: (2,2) or (1,1) or (0,2)
1 =+
1
| ! | ! | ! | >
o© I T I T I T I >
o 1 2 3 4 5 6 7 x
2)
0 1 2 3 X
1 2 3 4 5 6 7 x
Figure 3.

2.C. Changing basis set and origin simultaneously

o n . . . .. 1 .
If we have a point in space §( ) , with respect to a coordinate System C", with origin at g( ) and basis set
1 . . . . 2
E( " and we want to change the coordinate system to System C®, which has a different basis set, E( ) and a
different origin, g( ) , the transformation from C" to C® is accomplished by the following:

o= §(1)X(1) n 0(1) _ 2(2)5(2) n 0(2) (2.10)

-1
x? —B? E<1)X(1>+g(1)_9(2)] @.11)

. . 2) . . . . 1 . .
Once again, this assumes that the g( Vs given according to the same coordinate system as g( ) . Ifit is not, (if

) I 2
g( ' s given in terms of C") we must first transform g( )

12
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example 1:
Consider a two-dimensional coordinate system with an origin at O O = (1,1) in the laboratory frame, C

20

and a basis set a 5(1) = |:0

. . . .. 2 .
:| . Consider a second coordinate system with an origin at g( ) = (2,2) inCc™ and

1
0

)

1
the basis set E(Z) = |: 1l We want to express the point X @ =(1,1) in terms of C® . In other words, find 5(2 .

(2)

Since 0 is given in terms of C'", we must take that into account.

L

© is shown for reference

-1 B -1
5(2) :B(Z) [5(1)5(1)+0(1) _5(1)0(2) _0(1) :E(Z) EU)XU) _§(1)9(2)]

5‘2’=B(2)_1B“)[5“’—9(2’]= 1 12 o[
= = o 1]o 2]|[1

We can see the graphical interpretation of this transformation in Figure 4. In Figure 4, C
purposes only. It was never used in the calculation.

y A
y A
7 4+ 34+
6 —
5 + 24+
4 4
3+ 1+
2 4+
1 =+ l | | >
0(1> I I I
= 1 2 3 X
| | | | | | | »
0(0) I I I I I I I l
= 1 23 4 5 6 7 5

Figure 4.

example 2:

Consider example 1 again, but this time, assume that O @ is given in terms of the same coordinate system

1 .
as 9( ) , namely C?. In this case,

-1
x® = g® B1)£(1)+Q(1)—Q(2)]

13
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o [1 =1[2 o1] [1] [2] [1 -1]1] [o
5 = + - = =
0O 1|0 2|1 1 2 o 1|1 1
We can see the graphical interpretation of this transformation in Figure 5. In Figure 5, C is shown for reference
purposes only. It was never used in the calculation.

y A
y A
7 +— 34+
6 -4
5 4+ 2+
4 4
3 + I+
al 2 | | »
| I I g
-3 £ - 6 7«
L+ >
g1
X
|

Figure 5.

example 3:

Frequently when you obtain x-ray crystallographic data of the atomic coordinates of a crystalline material
you are given the cell symmetry, the axes lengths, and the atomic coordinates in the (non-cartesian) reference frame
of the crystal (defined by its axes and a (0,0,0) origin.

Consider an atom in a crystal cell with axes defined by
a=14A, b=14A, c=8A. 0,5 = 120°, 05c = 90°, O5c = 90°, and scaled (from 0.0 to 1.0) atomic position (in the
crystal cell frame of reference) (0.25,0.5,0.25). Find the position in cartesian coordinates with an origin at the center
of the unit cell.

We did this already but now we are going to do it again, within the general formalism of transformations.
We can first transform the unit cell axes to standard cartesian coordinates, using elementary trigonometry and
geometry.

a bcosO,, 0 1 00 1 00
B”=|0 bsin,, 0[.B?={0 1 0[.,B® =[0 1 0
0 0 00 1 00 1
0.25 0
=05 0"=|0]. 0® =2 x® =9
0.25 0

14



D. Keffer, University of Tennessee, Dept. of Chemical Eng’g, ChE 505

. 2 .. . . .
In order to obtain g( ) , the origin of our final reference frame, we can realize that the center of the cell is easiest to
find in the crystal cell coordinates, where is it (0.5, 0.5, 0.5). This representation of g( ! is with respect to CV. We

(2)

. . . 2 . .
can either use the formula given above for this case or we can transform 0 " to the same coordinates system in

which O @ is defined, using the same transformation given in equation (2.11) where the origin of this
transformation is (0,0,0)

0.5a+0.5bcos 0,5
Xecenter = 2(2)_1 I-ém)lcemerm + 9(1) - Q] = 0.5b sin eAB
0.5¢c

0.5a+0.5bcos 0,5
0 = Xcenter = 0.5bsin eAB
0.5¢

2) . . 1 . .
Now that we have the center, g( ) , in the same coordinate system as g( ) , we can transform the point of interest
using equation (2.11)

1 ]
x@ =§<2) E1)X(1)+9(1)—0(2) 2.11)

0.25a+0.5bcos0,, | [0.5a+0.5bcos0,, —0.25a -3.5
x? = 0.5bsin 0, —|  0.5bsin®,, |=| 0 |=]| 0
0.25¢ 0.5¢c —-0.25¢c -6

15
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3. Rotational Transformations
3.A4. General introduction to rotational matrices

Any rotation in space can be accomplished with a rotational matrix. The trouble is coming up with the form of the

rotational matrix.
In 3-D space, rotations about the X, y, and z-axes are given by, respectively,

10 0
A ior =|0 cos¢  sing (3.1
|0 —sing cos¢|
[ cos¢ 0 sing]
A = 0 1 0 (3.2)
=Y-ROT
|—sing 0 cos¢|
cos¢p sing O
A or =|—sing cosd 0 (3.3)
0 0 1

The problem is that frequently the rotation is more complicated than the a rotation about one of these axes.
One methodical approach for arbitrary rotation in three dimensions is called the Euler angles. I am going to give a
quick and dirty summary of the Euler Angles. For an elegant discussion and derivation of the rotational
transformation matrix and the Euler Angles, refer to “Classical Mechanics” by Herbert Goldstein, Second Ed.,
Addison Wesley, Reading, Massachusetts, 1980, pp. 137-148, especially pp 146-147.
The Euler Angles arise from
(1) arotation of ¢ about the z-axis, as given by equation (3.3)
(2) arotation of 0 about the newly rotated x-axis, as given by equation (3.2)
(3) arotation of y about the newly rotated z-axis, as given by equation (3.3)

The net transformation is
é - éZ—ROT (W)é X-ROT (e)éZ—ROT (9) (34)
which explicitly is (where s=sin and c=cos)

cych—cOspsy  cysd—cOspsy  sOsy
A =|—syco—cOspcy —sysd+cOedey  sbey (3.5)
sOsd —s0Ocd cH

One important property of all rotational matrices is that they are orthogonal matrices. The transpose is the
inverse.

16
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3.B. Rotation of atoms about bonds in polyatomic molecules

tetrapropyl ammonium cation

example:

Let’s say that you want to find the minimum-energy configuration of a molecule, for example, the tetrapropyl
ammonium ion. You are going to locate this minimum by making different sorts of translations and rotations of
individual atoms and groups of atoms. One such move is the rotation of a propyl arm.

How would we accomplish this task, given that we know (i) the positions of all of the atoms in the
laboratory frame of reference and (ii) the angle of rotation, 67

First, we must realize that the axis of rotation is the bond that connects N and C1. So C2 and C3 and all of
the hydrogen atoms attached to C1, C2, and C3 will change positions with this rotation.

STEP 1. Move Origin of system to N atom
For all atoms of interest, N, C1, C2, C3 and relevant hydgrogen, change coordinate systems from a

system with the origin at g(l) =(0,0,0)" to 9(2) equal to the position of the nitrogen.
-1 -1
x® —g® Emgn+dn_§m]:5m+§m bm_gm] 2.1b)

Since B( ) is the lab frame of reference, which is the default 3-D cartesian coordinate system, it is the identity

matrix so that

¢m=5m+bm_9m]

STEP 2. Change the basis set from cartesian lab frame to appropriate basis set

This appropriate basis set corresponds to one vector parallel to the N-C1 bond and two other vectors which
form a plane perpendicular to the N-C1 bond. Of the nine elements in this transformation matrix, only six are
independent.

To obtain the basis vector parallel to the N-C1 bond, just normalize the distance vector between N and C1.

|£C1—N| = \/(Xc1 - XN)2 + (Yo — YN)2 +(2¢ — ZN)2 (3.7
T

b® = Xct 7Xn Yo T YN Za T 2w

- |Ic1—N | |£c1—N | IICl—N | (3.9)
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To obtain the second new basis vector, realize that it must be perpendicular to the basis vector bz( ) This

. . . . . 2 .
is the only constraint on this vector. Otherwise, the particular values of l_)x( ! are arbitrary. In fact you can select
any two of them arbitrarily.

b (2) 'bz(z) =b

—X

(2) (2) (2) (2) (2) (2) _
1 .bz,l + bx,Z .bz,2 + bx,3 .bz,3 - 0 (3?)

X,

S 2
One choice is to set b _ 3( '=0 and

2 2
s| = \/bz,l(z) +b,," (3.2)
b (2)
b,V =- Z|’2 (3.2)
S

which forces

b (2)
b, =2 (3.2)
,2 S
T
b (2) b (2)
bW =-—2— 2 0 (3.2)
sl

. . . 2) . . .
We can see that this was a very nice choice because hx( ! is now normalized and if you take the dot product of

bx(z) and bz(z) , you will see they are orthogonal. This is a bit of a trick, but the same old trick works every time.

In the second vector, zero the element that corresponds to the first vector, then switch the other two elements from
the first vector, normalize, and switch one of the signs.

To obtain the final basis vector, we have one remaining degree of freedom, if we choose to make this basis
set orthonormal. We have two constraints, namely that the dot product of the remaining basis vector be zero with
each of the two already determined basis vectors (because they are perpendicular to each other).

b (2) 'bz(z) =0 (3.7)

=Y

b,” . b,? =0 (3.7)

=y

. . 2 .
We have two equations and three unknowns. We can pick one of the elements of l_)y( ) to specify the other two.

One choice that guarantees a perpendicular solution is

(2) (2) (2)
b, =b,” xb, 3.2)
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(2) (2) (2) (2)
]22,2 hx,S _l_)z,?y l_)x,Z
2) _ (2) (2) (2) (2)
l_)y - l_)z,?y l2)(,1 - l_)z,l hx,?x (3{))

(2) (2) (2) )
l_)z,l l_)x,Z - l_)z,Z l_)x,l

. . . . 2 2 .
This cross-product yields a vector of magnitude unity because l_)x( " and l_)z( " were already normalized.

STEP 3. Implement the change of basis transformation
At this point we have the new basis set and we can transform the atomic positions of interest to the new
frame.

2 Hlom_ @ 1
x® =B?"B"x" = Mx® 2.9)

M _ @ . . . @ _p@T
Well, B™" =1 and, because B is a matrix of orthonormal basis vectors, B =B so

2 »T «
x? =B x" (39)

STEP 4. Create Rotation Matrix

cosp sing O
A, or =|sing cosd 0 (3.7
0 0 1

STEP 5. Apply Rotation Matrix

xP=A  x? (3.7)

= =Z-ROT —

STEP 6. Unimplement the Change-of basis Transformation Matrix

-1
X" =B" ' B?x® = B?x® (32)

STEP 7. Now shift the origin back to the lab frame of reference

1 2 2 1
X():g()+g()—o()

X o] (3.7
These seven steps comprise the complete algorithm for rotation of a portion of a molecule about an arbitrary bond.
It is an example of how three transformations (change of origin, change of basis set, and rotation) are applied in

series to effect an arbitrary rotation.
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4. Similarity Transformations
An in-depth discussion of the similarity transformations is given in your text “Advanced Engineering

Mathematics” by Kreyzig. In the 8" Edition, it appears in Section 7.5, starting on page 392. This material here is
only a brief summary.

If the matrix A can be expressed as

é(Z) zgflé(l)z 4.1)

. S . 1 2) . .
then this transformation is a similarity transformation. A @ and A @ will have the same eigenvalues and

eigenvectors.
A special case of this transformation occurs when P = W | the matrix of normalized eigenvectors of
= ——C

A(l)

W = [wc,l,---,wc,n] (4.2)

=c

The result is that A @ = A where A is the diagonal matrix of eigenvalues

7»1 0O O
é= 0 0 4.4
0 O kn
so that one could write
A=W AW @5)
or
A=W AW (4.6)

—C ==

When the similarity matrix produces a diagonal matrix of eigenvalues, this is called diagonalizing the matrix.
Equation (4.6) is necessary in deriving the solution to a system of linear first-order ordinary differential equations.
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Appendix 1. Derivation of the generalized crystal cell transformation matrix

Purpose:
Given axes magnitudes, a, b, and c, and axes angles O4p, O4c, and B¢ = 90°, derive the generalized transformation

matrix, B, that will convert atomic position in the crystal-cell reference frame to atomic position in cartesian

coordinates with the standard basis vectors (1, j, k).

Derivation:

There is some arbitrariness to how one orientates the cartesian axes with respect to the crystal cell axes. In
this case, we are going to keep the x-y face of the unit cell perpendicular to the Cartesian z-axis. Given this
condition:

a-k=0 (Al.1)
and

b-k=0 (A1.2)
The consequence of these two statements immediately is that

B;, =0 and B;, =0 (A1.3)

Explicity evaluate the dot product in equations (A1.1) and (A1.2) to verify this.
We have one more degree of freedom regarding the cartesian axes orientation. 1and j must be

perpendicular to k but still that leaves an arbitrary rotation of 1and ] within the a-b plane. Let’s arbitrarily choose

that 11is parallel to a . In this case
a-j=0 (Al.4)
so that

B,, =0 (A1.5)

Because we know the magnitude of a , and we have specified 53 = 0 and Ez = 0, we can determine

the last remaining element of that column, Bl o by the 3-D Pythagorean theorem:

3
Z(Bm,l J=a (A1.6)
m=1
so that
B, :\/E12 _B2,12 _B3,12 =a (A1.7)

At this point we have the first column and one element of the second column. In order to determine the
other two elements of the second column, we can use our knowledge of the angles between a and b, coupled with

21



D. Keffer, University of Tennessee, Dept. of Chemical Eng’g, ChE 505

some simple trigonometry. Because the i-j plane is the same as the a-b plane, we can project b onto iand j to get

those components:

B,, =b-cos0,; (A1.8)
B,, =b-sin0,, (A1.9)

At this point we have the first two columns of the transformation matrix. Now, to obtain the final column,
we use the invariance of the dot product with respect to coordinate systems to write two equations:

c-a=b, b, =cos0,. (A1.10)
and

‘b=Db; b, =cos0,, (A1.11)

[e]

and we use the fact that we know the magnitude of C

3
Z(Bm,S)z =c’ (A1.12)

m=

In equations (A1.10), (A1.11), and (A1.12), we have three equations, from which we can find three unknowns,
which constitute the third column of the transformation matrix, b;. The rearrangement for the elements of b, is

just a little bit of ugly algebra, as follows. First we rearrange equations (A1.10) and (A1.11) to find the first two
elements of the column vector as a function of the last element.

B1,3 = fxl 'B3,3 + fo (A1.13)

Bz,z = fyl 'B3,3 + fyZ (Al1.14)

where the f constants are determined by the first two (already determined basis vectors)

Bl,z'Bz,l +B
32
f, =- B (AL.15)
B1,2 'B2,1 +B
22
B1,1
B
—12.c0s0,. +c0s0,,
£, =1 (A1.16)
2 Bl,z'Bz,l +B
B11 22
f =B, -f +B3’l Al17
x1 — P21yl (A1.17)

1,1
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_cosB,¢

fx2 = B2,1 'fyz B
L1

(A1.18)

We then need only B3?3 , which we obtain by first substituting equations (A1.15)-(A1.18) into equations

(A1.13) and (A1.14). Second, we substitute the resulting equations into equation (A1.12), which is then only a
function of B3,3 . We rearrangeto find:

a,B,," +b, By, +c, =0 (A1.19)
where

a, =1+f," +f, (A1.20)

by =2-(F,f,, + £, ) (A121)

ey =f, +f," ¢’ (A1.22)

We use the quadratic formula to solve

—b,, +4/b.’ —4a_c,,
B,,=— : Sl (A1.23)
2a

We choose the positive root. Once we have B3’3 , We can substitute back into equations (A1.13) and (A1.14) to

obtain the other two elements of the third basis vector.

Comments:

This derivation is not the most elegant creature but it has a couple virtues. The first virtue is that the
derivation is easily understandable knowing only algebra and trigonometry. The second virtue is that this
formulation as written above is easily amenable to computer usage. If you look carefully at the above equations, the
unknowns always appear on the left-hand-side of the equation and the knowns appear on the right-hand-side which
is as the computer must have it, in order to solve.

Example:

Consider a crystal cell with axes defined by a = 14A, b=14A, c=8A. 0,5 = 120°, 0,5c = 90°, Ogc = 90°.
Find the transformation matrix to the standard 3-D Cartesian coordinate system.

B;, =0 and  B;,=0 (A1.3)
B,, =0 (A1.5)
B, = \/a2 -B,,’-B,,  =a=14 (AL.7)
B,, =b-cos0,; =7 (A1.8)
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B,, =b-sin0,, =12.12

B1,2 'B3,1

B
f =——2 =0
v Bl,2 'Bz,l

Bl,l

1,2
—=¢050, +cos0y

£, = 2u =0
v B1,2 'Bz,l 4B
2

B1,1

f,=B,,-f, $Bu
5 y Bl’1
cos0

fx2 :BZ,I -f 2 -——25=0

’ B1,1

ag=1+f,"+f,° =1
bqf =2 (fylfyZ +1,f,)=0

ce=f, +f, —c’ =—c" =64

qf

We use the quadratic formula to solve

2
—bqf + bqf —4aqfcqf

B,; = =18
2a

B1,3 = fxl 'B3,3 +fx2 =0
B,; =1, -By; +f, =0
So that the transformation matrix is

a bcos0,;

0 0 0 0

o] [14 -7
B”=[0 bsin®,, 0l=/0 1212 0
c 8
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(A1.9)

(A1.15)

(A1.16)

(A1.17)

(A1.18)

(A1.20)

(A1.21)

(A1.22)

(A1.23)

(A1.13)

(Al.14)

0



D. Keffer, University of Tennessee, Dept. of Chemical Eng’g, ChE 505

Appendix II. Transformations from Cartesian to Spherical and Cylindrical Coordinates

Another set of common transformations (nonlinear transformations) are given below.

AIll from Cartesian to Cylindrical

r=4x°+y’

AIL3 from Cartesian to Spherical

r=4x’+y’ +2°

0 =atan Xj
X

¢ =atan z
Vx* 4y’

AILS5 from Cylindrical to Spherical

AIL2  from Cylindrical to Cartesian

X =rcosf
y=r1sin0
zZ=2

AIlL4 from Spherical to Cartesian

X =rcos0cosd
y =rsinOcosd

z=rsin¢

AIlL6 from Spherical to Cylindrical

r=rcosd
0=0
z=rsind
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