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1. Numerical Derivation of the trapezoidal rulefor the 2-D case with constant integration limits

In Section 4.6 of “Numerical Recipes in Fortran 77", second edition, you can find a brief discussion of
when to use different types of numerical methods for evaluating multidimensional integrals.
For the purposes of this course, | am going to show you how to extend the one-dimensional integral

evaluation to n-dimensional integral evaluation. This techniques relies upon you have rather simple boundaries to
the integral.

For integrals in one dimension, we could start with something simple like the trapezoidal rule.

; hé g 0

O (x)dx » > gf(a) +f(b) + 2a2 f(xi)g (1.2)
a 1=

Now if we have a 2-D integral we write this as:

xf yf
= 00 (x,y)dydx = cg(x)dx (1.2)
X0Yyo
where
" h, € > v
g(x) = g(x,y)dy » > &(xy,) +f(xy;) +2a f(xy)u (1.3)
yo e i=2 g
Substituting the discretized approximation for g(x) in equation (1.3) into equation (1.2) we have
xf Yf xf h é
O (x,y)dydx » 05 &(xy,) +(xy;) +2a fxy; )de (1.4)
X0 Yo e i=2
WEell, we can repeat the application of the trapezoidal rule:
Th, é u
|?g(x yo)+f(xo’yf)+2a f(xo’y)u _|_
| e i=2 |
| . n N
hx I, hy e o lﬁl T,
o » ?|+?g(xf’yo)+f(xf’yf)+2a f(x;,y)a y (1.5)
| é i=2 a 1
LN U
F2a 5 E(xYo) Hix;, yf)+2a f(x,,y,)d
| =2 e =2 Lb

Now we can simplify this as much as possible,
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i g & u
iT(X,Yo) + (X0, y¢) + (X, yo) +T(Xye) +4a a f(x;, y)i
hxhy | i=2 j=2 |
Lo » 4 i n, ] y (1.6)
b 28 [f0x v+ Fxy)) ]+ 28 [fox ) +10x,y) | L
I = j=2

If we add up the number of function evaluations, we can see that we have n,n, function evaluations. If
n, =N, =n, then we have N’ function evaluations for a 2-D integral. If we need to evaluate an m-dimensional

integral, then we will have N function evaluations.
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2. Numerical Derivation of thetrapezoidal rulefor the 3-D case with constant integration limits
Now if we have a 3-D integral we write this as:

xf yf zf

= 00d (%, Y, z)dzdydx = d1(x)dx (2.2)

X0Y0 0

where

yf zf
h() = O (v, 2)dzdly = cp(x y)dy 22)

yozo
where

zf

a(xy) = g(xy,2)dz (23)

z0

Using the trapezoidal rule approximation:

zf

a(x,y) = g(x,y,z)dz » —ef(x y,z,)+f(x,y,z )+2a f(x,y,z )E (2.4)
a

70 i=2

Substituting the discretized approximation for g(x,y) from equation (2.4) into equation (2.2) we have

yf zf yf U
h(x) = o (x,y,z)dzdy = O—ef(x Y:Z,) +f(xy,z )+2a f(xy,z;)dy (2.5)
Y020 yo e i=2 u

WEell, we can repeat the application of the trapezoidal rule:

ih, é i

|—ef(x Y. z,)+f(xy,, 2z )+2a f(x, yo,z,)u T

i 28 =2 i

ht h é |
) » 2+ 2 G0y, 2,) +1x0y1,2,)+ 28 yf,z.)u y @9

| e i=2 T

P h yeé o

T+2-23 &(xy,2,) +f(xy, Z)+2a f(x, y,,Z.)u

T 2 =2 € Lb

Now we can simplify this as much as possible,

I
| (X yo’zo)+f(x yoiz )+f(X yfizo)+f(x yf’Z )+4a a f(X yJ’ZI)I
: 2= _y 2.7)
%+2az [f(x,y,.2,)+F(x, yf,z.)]+2a2 [f(x,y,2) +fx Y, 2,)] io
i= 1=

3
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Now we can apply the trapezoidal rule one more time:

n
n,

00 Y220 10 Yor20)+ 100,091120) 10,3, 2)+ 48 & f(xo,y,,z.).
=2 i=2

y

I

nV n,

I o O
f(XiY0,Z0) +1(X1 Yo, 2¢) + (X0, y1,2,) H (XY Z) H 4@ A f(Xf,y,,Z.)u
=2 i=2

. y
+2Q [f(xf,yo,z.)+f(xf,yf,z.)]+2a [F(x, v, 20) + 10Xy, 2)] !

i=2 =2 b

n,

+2é’1 [f(xo,yo,z.)+f(xo,yf,z.)]+2a [{(X0. 1 20) + F(Xo, Y 20)]

2 (D> (D> D2 D D>

I
[
|
1
I
[

C\ (e} en Y ex Y ex Y exlY ey el Y en Y e ey el el Y aa?]

f(xk’yoizo)+f(xk’yoiz )+f(xk’yfizo)+f(xk’yf’z )+4a a f(Xk,yJ,ZI)| u

i
I
: =2 i=2 |y3
1+2a [f(xk,yo,z.)+f(xk,yf,z.)]+2a [F(x ¥, 20) + (X, ¥,02))] iou
| i=2 g

(2.8)

@ D D> _£D> ™ D D D D CD>+CD> M D> (D

which if we really are bored ten minutes to five on a Wednesday evening, we can rearrange as:

N
(D: (32 D D> D> D> CD_r_CD> D D> D> D> D> D> (D
.b

@f(xo’yo’zo)+f(xo’yoizf)+f(xo’yfizo)+f(xo’yfizf) l;l

(S|

&+ F(X0 Y01 20) + 10X, Y0 20) +F(X Y1 2,) + F(X, Y10 2D

i % U
id [f(xo’yo’zi)+f(xo’yfizi)+f(xf’yo’zi)+f(xf’yfizi)] )

.I. i=2 .I.

» (D> D> (D> D> (D>

+2_l_+é [f(xo,y,-,zo)+f(xo,yj,zf)+f(xf, J, 0)+f(Xf,yJ,Z )]

=2 |

|
-I-
by i
%‘* a [f(xk’yo’ Z,) + (X, YorZ¢) (X, Y1, Z,) + f(xk’yf’zf)]-l-
k=2

C\ oo oo o oo oo o oocooc

z nx n,

[ 0

.| [f(XO,yJ, ZI) + f(xf’yj’ Zl)] + a a [f(xk’yo’ Z|) + f(xkayfaz|)]|

1 =1 i=2 k=2 i=2

I nx ny yl;l

1+a [f(xk,yj,zo)+f(xk,yj,z )] _|_l,J

[ k=2 j=1 ba

¥ o & a
8a f(xk’yjiz|) l;l

k=2 j=1 i=2 U(2.9)

Thisisthe explicit form of the trapezoidal rule applied in 3-dimensions, when the limits of integration are

constant.
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3. Numerical Derivation of thetrapezoidal rulefor the 2-D case with variable integration limits

Now if we have a 2-D integral with variable limits of integration, we write this as:

xf yf(x) xf
=0 g(xy)dydx = Gg(x)dx (3.1)
X0 yo(x)
where
yi(x) h é ny(x)
g(x) = g(xy)dy » ?y (XY, () +f(xy,(x) +2Q f(x.y, (X))u (3.2
yo(x) e i=2

The number of y-intervals, N, (x), isnow afunction of x because the size of the y-range of integration is a
function of x. Substituting the discretized approximation for g(x) in equation (3.2) into equation (3.1) we have

xf yf xf n (x)
00 (X, y)dydx » o— éf (XY, (X)) + f(x,y¢(x)) + 2 a f(x.y; (X))LPIX (33)

WEell, we can repeat the application of the trapezoidal rule:

Th & 1y {Xo) U
T & (X0: Yo (X)) + (X0, Vi (X)) + 2 @ F(X,Yi(X, ))u i
I 2 g =2 a 1
hx | hy e yOf |,
oo » 1+ 0 00 Yo 06)) 1000y, (X)) 2 & Ty ))u y (34)
| e i=2 T
: & h, e M) 0
128~ &0,y () + ¢,y (%, D+2 & 10y, )l
| =2 e i=2 L*)
Now we can simplify this as much as possible,

i u
(X0 Yo (X)) + (X0, Y1 (X0 ) + F(X1 Yo (X)) + (X, i (X)) I
I

y(X ) n (Xf)

A,
+26 3 F(X0, V(X)) + A f(xp, yi(xq ))+af(x Yo(X; ))+af(x yi(X; ))uy(35)

e|2 i=2 =2

I2D

I
Ly
|
T
i ne Ny _l_
+4a & %, yi(x) !
T =2 =2 b
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Let'sdo an example. Let'sintegrate f(X,y) = cXy overtherange OE X £l and O£ X £ y. Let'sdoit
analytically first:

xf yf 1x 1 éCXyZ ux 1 CX3 CX4 1 C
Ly = OO (X y)dydx = ocpxydydx = C)@TG dx = dx=—+ == (3.6)
X0 Y0 00 0 € Uo 0 8 0 8
Now let'sdo it analytically with Dx =Dy =h=0.1¢c =2
i X yo(X) yf(x) ny(x) f(x,y0) f(x,yf) sum(f(x,yj |integral(x)
)
0 0 0 0 0 0 0 0 0
1 0.1 0 0.1 1 0 0.2 0 0.01
2 0.2 0 0.2 2 0 0.4 0.02 0.022
3 0.3 0 0.3 3 0 0.6 0.12 0.042
4 0.4 0 0.4 4 0 0.8 0.36 0.076
5 0.5 0 0.5 5 0 1 0.8 0.13
6 0.6 0 0.6 6 0 1.2 1.5 0.21
7 0.7 0 0.7 7 0 1.4 2.52 0.322
8 0.8 0 0.8 8 0 1.6 3.92 0.472
9 0.9 0 0.9 9 0 1.8 5.76 0.666
10 1 0 1 10 0 2 8.1 0.91
total 0.2405

The numerical solution is |, = 0.2405 compared to the exact solution, 1,; =0.25
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4. Numerical Derivation of the Simpson’s /3 rule for the 2-D case with constant integration limits

Now if we have a 2-D integral we write this as:

xf yf
= 00 (x,y)dydx = cg(x)dx (4.1)
X0Yyo
where
n -1 n -2
g(x) = d(X y)dy >>—§f(x Yo) tE(X,y,) +4 a fxy)+2 @ f(xy, )‘ (4.2)
yo i=2,4,6 i=3,5,7 [4/]

Substituting the discretized approximation for g(x) in equation (4.2) into equation (4.1) we have

xf yf xf n -1 n -2
o0 (x, y)dydx » éf(x Yo) Xy ) +4 a fx,y) +2 a fx,y; )Tix (4.3)
X0 yo i=2,4,6 i=3,5,7 [4/]

WEell, we can repeat the application of the trapezoidal rule:

|h ®e n -1 n -2 u
|_y f(xo’yo)+f(xo’yf)+4 af(xo’y)+2af(xo’y)_ |
i3 i=2,4,6 i=3,5,7 o |
| hg o v [
P+ & (0 ¥o) + 10 ¥) +4 A 1(xy) 2 & 1(x,0y)2 :
| h, 1 i=2,4,6 i=3,5,7 @ | »
20 ? ?: g1 h g1 Ny 2 0|y (4.4)
.+4a —éf(x Yo) (X, yf)+4af(x y)+2af(x Y3
[ F246 3 i=2,4,6 i=3,5,7 %
T Ny 2 ny -1 ny -2 '|'
'+2a éf(x o) + (X, yf)+4af(x y)+2af(x DE 'ﬁ
1 =85 i=2,4,6 i=3,5,7

Now we can simplify this as much as possible,



‘|
f(Xo,yo)+f(Xo,yf)+f(Xf,yo)+f(Xf,yf)
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— — - c:

'+2§a[f(xo,y)+f(xf,y)]+ & T ye) + e, yf)]

hh|

9

Li+4
i

0
T+8¢ g af(x y)+ a af(x YT

i
i
.I. + 4
T

35,7 j=3,5,7 I
EE T (x,0v,) + 10xy)] + 8 TFox, ya) + e, yf)] (45)
i=2,4,6 =2,4,6

n]_n2 n2nl

j=2,4,6 i=3,5,7 j=3,5,7i=2,4,6 [}
n,-2 nB-Z n6_]_ ngl

a afx,y)+ie g a fx,y)

j=3,5,7=3,5,7 j=2,4,6 i=2,4,6 p



