ChE 301 Lecture Notes - D. Keffer, 6/1/98

Lecture 43, 44, 45 - Numerical solution of ordinary differential equations (ODE’S)
(A) Theory
(B) Problems
(C) MATLAB Applications
Text: Supplementary notes from Instructor

43.1 Why isit important to be ableto solve ordinary differential equations?

Ordinary differential equations are ubiquitous through-out chemical engineering. Y our
first exposure to ODE’s in chemical engineering was probably a non steady-state mass or mole
balance where we said

accumulation =in- out + generation - consumption (43.1)

For a system with a material entering a system (say the systemis areactor) and leaving the system
and being consumed according to an irreversible first-order reaction, we have:

dN(t) _ - N(t
% = Nin(t) - Nout (t) + kl% (43.2)

where t istime, N(t) is the moles of the material in the reactor at time t, V isthe volume of
the reactor, N, () isthe molar flowrate into the reactor, N (t) is the molar flowrate our of
the reactor, and K is the reaction rate constant.

If we want to find the solution to the non-steady-state problem, we need to be able to
solve this type of equation. What is the solution to an ODE problem. Usually, the solution is not
anumber. Rather, it isafunction. We want to find what function, N(t), satisfies this ODE,
given some initial condition.

If you look at this problem, you can see we need to integrate this ODE in order to solve.
However we cannot use the techniques we have learned for numerical integration, like the
Trapezoidal rule or Simpson’s 1/3 rule because those techniques assume that you already know
N(t). Inan ODE problem, we do not aready know the function. We need new tools. This kind
of problem is called an initial value problem because we will need some initial condition to fully
solveit.

43.2 Euler’sMethod - Theory

The simplest method to solve an ODE is called Euler’s Method. Looking at the example
above, let’ s assume we know how much materia isin the reactor initially. That is we have an
initial condition. For afirst-order differential equation like 43.2, we need one initial condition.

Let'ssay that N(t =0) =N,. Now, we would like to know how much material isin the reactor
at any time t .
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Let’s generaize this. Our equation is of the form:

dy(x)
dx

=f(y,x) (43.3)

with aninitial condition Y(X = Xg) =Y. What Euler's method does is take steps through X
(the independent variable) to obtain the value of Yy at other X. (Y, X), by definition, isthe

derivative of Y with respect to X. Thefirst order approximation for the derivative at a point X4
IS

dy(x) _ , Y(X2) - y(xq)
ax |, f(y(x1),X1) X, - X

(43.4)

Y ou should notice that thisis the exact same approximation we used to derive the Newton-
Raphson root-finding method. There is no magic in the derivation of these techniques. Thisis

straightforward calculus. We can rearrange equation (43.4) for Y(X5)

Y(X2) = Y(Xq) + (X5 - X)f(Y(X1),Xq) (43.9)

Thisis Euler’smethod. If weset X, to our initial condition, we now have an approximation for
y at X,. Wecanthencaculate Y at X5 using an analogous formula:

Y(X3) = Y(Xz) + (X3 - X2)f(Y(X2),X2) (43.6)

In general we can calculatey at X;,, aslong asweknow Yy at X;.

Y(Xir1) = YO&) + (Xaq - X)FCY(X), %) (43.7)

Thisis the general equation for Euler's method. If we make the size of our steps fromaall X; to

X;+1the same size, then we can that DX = X;,4 - X;. Our general formulafor the Euler method
is then:

Y(Xis1) = Y(X;) + DX * f(y(X;), X;) (43.8)
The algorithm for Euler’s method is as follows:

Step One. Calculate Y(X) at point i
Step Two. Calculate f(y(X;),X;) at point i
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Step Three. Calculate new estimate for y Y(X;) at point i (equation (43.8))
Step Four. Loop back to step Two.

One step of Euler’s method is graphical depicted below.

line with slope = df/dx at x;

e

actual curve /

error from
step i

Xj Xi+1

43.3 Euler’'sMethod - Problem

For a system with a material entering a system (say the systemis areactor) and leaving the system
and being consumed according to an irreversible first-order reaction, we have:

dN(t . . N(t
% = Nin(t) - Nout (t) + kl% (43.9)

where t istime, N(t) is the moles of the material in the reactor at time t, V isthe volume of
the reactor, N, () isthe molar flowrate into the reactor, N (t) is the molar flowrate our of

the reactor, and K is the reaction rate constant.

We need to properly pose the problem first, before we can numerically solveit. We need
to specify all of the parameters or functions in equation (43.9).

Theinitial conditionis N(t = 0) = O; the reactor is initially empty.
The volume of the reactor is 1.0 m®,
Theinput flow rateis constant at N, (t) = N;, =16.67 mol/s.

The reaction rate constant at the operating temperatureis k; = 0.01 m3/s.

The output flowrate is afunction that varies with time.
The reactor is an upright cylinder, 2 metersin height with radius, r =.399m
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The material has a molecular weight of MW = 0.100 kg/mol

The material has a density of r = 1000 kg/m? (water)

The outflow is gravity driven. That means the out flowrate is determined by the height
of the fluid in the reactor via the Bernoulli equation.
The system is frictionless.

The outflow leaves via a horizontal pipe of cross-sectional area, A = 0.001 m? .
The Bernoulli equation then states the linear velocity, U, is U = ,/2gh(t) where gis
gravity (10.0 mvs) and h(t) isthe height of the water in the reactor at time t

The volumetric flowrate, V isV =Au

N(t) , - N©O 5, = NO)
y V= y Y A0

h(t) isafunction of N(t); h(t) = N(t) MW /r /(prz)

The out flowrate then is NOut (t) = N\(/t) A 2gN(t)I;/IW
rpr

for our values, N, (t) = 6.32 X10™> AN(t)3/2

The out flowrate then is NOut (t) =

So our ODE becomes:

AN _ 15 67- 6.32x10°5 N(1)3/2 - 0.01N(t) (43.10)

This equation is a non-linear, first-order, ordinary differential equation. Below, we show the plot
of using Euler’s method to solve this ODE.
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For the molecular weight, density, and reactor volume that we used, the maximum reactor
capacity is 10000 moles. We see that the reactor does not overflow. We also see that it takes
about 400 seconds for the reactor to reach steady state.

The two plots shown were both generated using Euler’ s formula. One used a time step of
20 seconds and the other atime step of 1 sec. The discrepancy is not great but this may be due to
the fact that the solution approaches a steady state. If this were not the case, we might expect
that the error between the methods would continue to grow.

43.4 Classical Fourth-Order Runge-Kutta Method - Theory

Just like with all numerical problems, there is a whole body of methods that have been
developed. The varying methods have different strengths and weaknesses. One of the
weaknesses of the Euler’s formulais that we use the derivative at point i to be the derivative
across the entire interval between point i and point i+1. There are a family of methods which are
basically modifications of Euler’s method, which remove this deficiency.

The classical fourth-order Runge-Kutta method is

1 .
Y(Xi+1) = Y(Xi)"' g“g (kl +2k, +2k; + k4)aq (43.11)

where
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ky = f(x;, y(x;))
& h h, 0o
k2 =f(;;X| +_,y(Xi)+_k1+
e 2 2 g

) o (43.12)

0
Ks =f$(i +—,y(X) + -k, =
e 2 2 "g

Kq

f(x; +h,y(x;) + hk3)

Without arigorous derivation, we can see that the Runge-Kutta method improves over the
estimate of the Euler method by constructing an estimate for the derivative which is more
representative of the real derivative over the course of the interval.

43.5 Classical Runge-K utta Fourth-Order Method - Problems
Let’s compare the accuracy of the Euler Method and the Classical Runge-Kutta Fourth-

Order Method (RK4). In order to do this we need to solve an ODE that we know the analytical
answer to. Let’slook at an ODE from the family:

dy(x) _ F(y,X) = cy(x) (43.13)
dx

where C isaconstant. To solvethis, separate y(x) from x and integrate.

= cdx (43.14)

y(x) X
S dye) cpdx (43.15)

0)
yx=xo) YO g

y(xX)  _ L X
In(y(x))|y(XO) = cx|xO (43.16)
Inaey(x) gz c(x- xg) (43.17)
£y (x0)5
Y(x) = y(xo)et x0) (4319
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S0, that’s the analytical result in equation (43.18). Let’s compare Euler and RK4 with the
analytical result when ¢ = 0.05 and when we have the initial condition Y(X, =0) =1. The
eguation becomes:

y(x)=e” (43.19)

The graphical result is shown below for X up to 200.

2.5E+04
2.0E+04 1 analytical
1.5E+04 | Euler
- - - - - RK4
1.0E+04 -
5.0E+03 1
0.0E+00
0.0 50.0 100.0 150.0 200.0 250.0
X

Asyou can see, the RK4 isright on top of the analytical solution. The Euler method is beginning
to substantially deviate from the analytical solution. We can plot the percent error for the two
methods.
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43.6 Numerical Solution of Higher-order ODE IVP's- Theory

Thus far, we have learned how to solve initial value problems (1VP) when we have one
ordinary first-order differential equation. We are going to make three extension to that. We are
going to solve

the 1VP for one ordinary nth-order differential equation
the IVP for a system of ordinary first order differential equations
the BVP for a one ordinary 2™-order differential equation

Thereisasimple trick to solving the IVP for an ordinary nth-order differential equation.
Y ou make a substitution that transforms the nth-order differential equation into n first-order
differential equations. The general form for a second-order differential equation is

d’y(x) _ f?’ v(), dy(x) 9 (43.20)

dx? dx
with the following initial conditions:
dy(x
y(x) = vg
dx [y=xq (43.22)
y(X =Xp) = Yo

We make the substitution

dy(x)
dx

z(x) = (43.22)

and we obtain a system of 2 ordinary first-order differential equations, each with its own initial
condition. Equation (43.20) becomes

dz(x)
dx

= f(x, y(x), z(x)) (43.23)

with the initial condition
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z(x =X%y) =Yg (43.24)

The second differential equation is just equation (43.22)

Y~ ) (43.22)
dx
with the initial condition
y(X =Xq) =Yg (43.25)

In general any n-th order ODE can be converted into a system of n first-order ODE’s
using this techniqgue. Remember, the problem must be an IVP, in order to use this technique.

S0, we can solve any nth order ODE IV P if we can solve a system of n first-order ODE
IVP's. Let’sfind out how to do that.

43.7 Numerical Solution of Systems of First-Order ODE IVP's-Theory

If you recall when we learned how to single-variable linear regression, there was simple
extension to multivariable linear regression. When we learned how to do single-equation
Newton-Raphson root-finding, there was a simple extension to multivariate Newton-Raphson
root-finding. Similarly, there is a simple extension from solving a single first-order ODE IVP to
solving a system of nfirst-order ODE IVP's.

We have the genera problem of n ODE’s:

dy,(x
% =h(Y1Y2,Y3:Yn-1:Yn)
X
dy,(x) _
2 = (%Y1 Y2, Y30-Yn-1,Yn) (43.26)
dy.(x

with ninitial conditions;

Yi(X=X%Xg) =Y forj=1ton (43.27)

Note carefully, that there are n ODE’s, thus n functions, f j» ad n unknown functions, Y, but

there is only one independent variable x. Thisiswhat makes this system a system of ODE’s
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rather than PDE'’s, partial differential equations. These techniques you are learning will not solve
PDE’s.

Euler’ s method for a system of ODE’s
Y (Xisz) = V50%) + DX * (x5, Y1 (%), Y2 (), Y3 (X0)see Y- 1 (X0, Y (X))~ (43.28)

for j = 1to n. Thereis no difference between this equation and the equation for the single system
ODE using Euler’s method (equation (43.8)). Inthis case, remember that the subscript j attached
to they and the f denotes different functions. The subscript i attached to the x variable denotes
steps (or iterations).

The algorithm isto compute all fj at iteration i, then compute all yja iteration i+1, and
repeat the process.

Runge-Kutta’' s 4-order method for a system of ODE’s
The extension of RK4 to systems of ODE’s s just as smple as the extension of Euler’s method.

However, because RK4 has a little more sophistication, the extension looks more complicated,
when it isreally not. The RK4 equation for a system of equationsis given by

~

51
Yj (Xis) = Y (x;)+ gg (ij +2Ky +2Kkg; + k4,,-)aw (43.29)

for j = 1to n, where
kyj = fi(i{ymO})

hj
Ky : —fgx+ ,1ym(x)+ klm%
(43.30)
_.2& hj
k f19X|+ ’lym(x)"' ksz\;
e [}

kay =f(x + h,{ym(xi) +hkgp))

The algorithm for the RK4 method isto first calculate al four k functions for all n equations,
giving 4n function evaluations. Then calculate new values of y at the next x value, using equation
43.29.

10
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for j = 1to n. Thereis no difference between this equation and the equation for the single system
ODE using Euler’s method (equation (43.8)). Inthis case, remember that the subscript j attached
to they and the f denotes different functions. The subscript i attached to the x variable denotes
steps (or iterations).

The algorithm isto compute all fj at iteration i, then compute all yja iteration i+1, and
repeat the process.

43.8 Numerical Solution of Systems of First-Order ODE IVP's - Problem

Let’s say we a second order ODE of the form:

d?y(x) _ f?(, v(), dy(x) o (43.31)

0
+=ax +hby(x)+c
2 . y(x)

dy(x)
dx
where a, b, and ¢ are constants and with the following initial conditions:
dy(x)
I\ = yg

dx [y=xq (43.32)
Y(X =Xg) =VYo
We make the substitutions
y1(X) = y(x)

dyl(x) (43.33)

Yo(X) = dx

Then we have the system of first-order ODE IVP's:

dy1(x)

v (%, Y1(X), Y2(X)) = y2(X) (43.34)

dy,(x)

dx =f; (X, Y1(X),yz(X)) = ax + by;(x) + ¢y, (X) (43.35)

with the initial conditions

Ya(X=Xo) = Y6

(43.36)
Y1(X =Xg) = Yo

11
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For simplicity, let's make a=1.0, b=-0.1, c=0.01, X, =0, y, =0, y§ =0. Alsolet’s

choose astep size, h=0.1. Using the RK4 method, we have for the first five iterations. (All
these numbers are rounded to the nearest thousandth decimal place).

X vyl y2 ki,1 k2,1 k3,1 k4,1 k1,2 k2,2 k3,2 k4,2
0.0 0.000 0.000 0.000 0.000 0.003 0.005 0.000 0.050 0.050 0.100
0.1 0.000 0.005 0.005 0.010 0.013 0.020 0.100 0.150 0.150 0.200
0.2 0.001 0.020 0.020 0.030 0.033 0.045 0.200 0.250 0.250 0.300
0.3 0.005 0.045 0.045 0.060 0.063 0.080 0.300 0.350 0.350 0.400
0.4 0.011 0.080 0.080 0.100 0.102 0.125 0.400 0.450 0.449 0.499
0.5 0.021 0.125 0.125 0.150 0.152 0.180 0.499 0.549 0.549 0.598
The curves for 200 iterations are shown below:

250.0

2000 —

________ yl /,/’,,,4'
1500 | 2 e
> 100.0 -
50.0 - T
0.0 ==
-50.0
0.0 50 10.0 15.0 20.0
X

43.9 Numerical Solution of ODE BVFP's (The Shooting Method) - Theory

In some cases the conditions that accompany a second-order differential equation are not
of the initial condition form,

dy(x
A
X=X0 (43.32)
y(X =Xg) =Yg

Instead the are of a boundary condition form. One such set of boundary conditionsis

12
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y(X =Xq) =Yg

(43.37)
Y(X =Xg) =Yg
Note that only one of the boundary conditions (BC's) is at the initia time. The second BC is at
some other, final time.

One technique used to solve this boundary value problem (BVP) is called the “shooting
method” and relies completely on techniques we used for the initial value problem (IVP). First,
we recast the second-order ODE as a system of 2 first-order ODE’s (as we did in section 43.7),
so that

d2y(2x) ag( ) dy(X)o

(43.31)
becomes
y1(X) = y(x)
d (43.33)
ya(x) = Palx)

dx

We then make a guess for our missing initial condition, so that we have 2 initial conditions

Y1(X =Xg) =Yo1 (givenasaBC)
(43.38)
Yo(X =Xg) =Yg, (guessed asanlC)

Now we have a system of ODE’s exactly as we solved in Section 43.8. We then solve these
ODE'sup to the point X = X, where we check to see if the second BC of equation (43.32)

Y(X =Xg) =Yg (43.39)

issatisfied. If this BC is satisfied we have found the correct solution. If not, we need to pick a
new guess for our second I C of equation (43.38). Picking a new guess can be tricky. One
method isto use linear interpolation.

When we use linear interpolation to pick new guesses, first we make two guesses and
solve the system of ODE’ stwice. Then we guess a third time with our third guess being

y&) =y® +(y(2) y& K

43.40
sy )@ - y(xe)® g 0

Q) \e YE - Y(XF)(l) u
a

13
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43.10 Numerical Solution of ODE BVFP’s (The Shooting M ethod) - Problem

Let’'s take the same ODE from section 43.8 and solve a BV P with it.

2 .
B IOE 00 ) %= ax +by() + ) (43:31)

with the boundary conditions

Y(X =Xq) =Yg

(43.37)
Y(X =Xg) =Y

wherea=1.0, b=-0.1,c=0.01, X, =0, Y5 =0, y(x =17.0) =y =197.4585. Also let's
chooseastep size, h=0.1.

We transform the second-order ODE into 2 first-order ODE'’s.

% = (% y2(X),¥2(X)) = y2(%) (43.34)
dy; >EX) =1, (X, y1(X), Y2(X)) = ax + by, (X) + ¢y, (X) (43.35)

with the initial conditions

Yo(X=Xo) = Y6

(43.36)
Y1(X =Xg) = Yo

where we have to guess Y§. Let’s make our first guess of y§, yg(l) =1.0

We then solve the system of ODE'sup to X = Xg =17.0 using atechnique like RK4. Doing
o yields, y(XF)(l) =y(X =Xg) =194.7443 . For our second guess, let’stry avalue of y§,
yg(z) = - 0.5. We then again solve the system of ODE'supto X = Xz =17.0 using a
technique like RK4. Doing so yields, Y(xg)'? = y(x = x¢) =198.8156 . Let'sfind athird

guess using equation (43.40). This equation, yields an initial guess of y@m = 0.000. Wethen
again solve the system of ODE'sup to X = Xg = 20.0 using atechnique like RK4. Doing so

14
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yields, Y(Xg )(2) =y(X = Xg) =197.4585 . Thisis precisely the answer we where shooting

for. We have solved the ODE BVP problem. Here, in graphical form, are the functionsy, from

our three guesses. (First the whole function and then a close-up of the point we were shooting
for.)

200.0
150.0 A
> 100.0
- - - - first guess
50.0 second guess
— — ‘third guess
0.0 1 1 1 1 1 1 1 1
0.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0
X
200.0

> 190.0 A
. - - - - first guess
1850 LT ’ second guess
.- — — ‘third guess
180.0 T T
15.0 155 16.0 16.5 17.0

We hit the answer precisely on the third point because the ODE we were solving was linear. 1f
the ODE was non-linear, the interpolation would not be exact and we would need more (possibly
many more) iterations of the shooting method.

43.10 Numerical Solution of ODE's- MATLAB

So far in this section, we have learned how to
solve a single first-order ODE 1VP using Euler or RK4 methods.
solve a single nth-order ODE IVP using Euler or RK4 methods.
solve a system of first-order ODE VP s using Euler or RK4 methods

15
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solve a 2nd-order ODE BV P using the shooting method with either Euler or RK4
methods.

All of these numerical techniques are computation intensive. They can not be done
efficiently by hand. MATLAB can be used to solve all four types of problems.

ODE INITIAL VALUE PROBLEMSIN MATLAB

On the website, | have provided aroutine called sysode.m that can solve systems of first order
ordinary differential equations. It will work for asingle ODE as well.

The description for how to use the file can be obtained by opening MATLAB, moving to the

directory where you have downloaded the sysode.m file, and typing
hel p sysode

Thisyields:

sysode(m n, xo, xf, yo)
This routine solves one non-linear first-order ordinary differential
equation initial value problem

1 for Euler's nethod
2 for dassical Runge-Kutta 4rth order nethod
nunber of steps
starting val ue of x
endi ng val ue of x
= nunber of first order ordinary differential equations
o =1initial condition at xo

33
oo

The differential equation nmust appear in the file 'sysodei nput. ni
This program creates an output data file 'sysode. out

Aut hor: David Keffer Date: QOctober 23, 1998

Hopefully, it is clear from this information how to use sysode.m at the command line.
For example,

sysode( 2, 100, 0, 10, 0)

would use the Runge-Kutta method to solve asingle ODE IVP over therange O £ X £ 10 with
100 intervals, and the initial condition y(X =0) =0.

For a system of 3 equations, sysode.m would be started by typing at the MATLAB prompt:

sysode( 2, 100, 0, 10,[ 4,5, 6])

16
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which would use the Runge-Kutta method to solve a system of 3 ODE VP’ s over the range
0 £ x £ 10 with 100 intervals, and the initial condition y,(Xx =0) =4, y,(x =0) =5,

y3(x =0)=6.

The ODE'’sto be solved by the code sysode.m must be entered in the file sysodeinput.m. Thisfile
can be as smple as:

function dydt = sysodei nput (X, Yy, nvec);
dydt = -0.25%y;

if you wanted to solve the ODE
dy ¥
dt 4

Thisfile can aso be more complicated, for example:

function dydt = sysodei nput (X, Yy, nvec);
%L is pipe length (cm

L= 300. 0;

%dp is pipe dianeter (cm
dp = 0.48;

%g is gravity (cm s"2)

g = 980.67;

% mu is viscosity (g/(cnfs))
mu = 0.0103;

%rho is density (g/cm3)

rho = 0.9970;

%dta = tank dianmeter (cm

dta = 15. 24;

%

dydt = -(g*rho”0. 25*dp”4. 75*(1+y/ L)/ (2*0. 0791* nu~0. 25*dt a*3.5) )" (4/7);

Or, for acase of asystem of 3 ODE’sit might look like:
function dydt = sysodei nput (X, Yy, nvec);
c=[-1.0,-2.0,3.0,-4.0,5.0];

dydt (1) = y(2);
dydt (2) = y(3);
dydt (3) = c(1)*y(3) + c(2)*y(2) + c(3)*y(1) + c(4)*x + c(5);

The input variable nvec in the routine sysodeinput.m allows for certain Runge-Kutta variables to
be transmitted from sysode.m to sysodeinput.m. It needs to remain as an argument.

In order to use sysode.m to solve a higher order ODE, you must first analytically transform the
nth-order ODE to a system of n first-order ODEs. Then this system can be solved using
sysode.m.

ODE BOUNDARY VALUE PROBLEMSIN MATLAB

17
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On the website, | have provided a routine called shooting.m that can solve a second order
ordinary differential equation boundary value problem. Shooting.m takes the guts of sysode.m
and adds a little extra manipulation on top. Basically the two codes solve ODEs by the same
method.

The description for how to use the shooting.m file can be obtained by opening MATLAB, moving

to the directory where you have downloaded the shooting.m file, and typing
hel p shooti ng

Thisyields:

shoot i ng( m n, xo, xf, yo, yf)
This routine solves one non-linear first-order ordinary differential
equati on boundary val ue probl em using the shooti ng nethod.

=1 for Euler's nethod

= 2 for Oassical Runge-Kutta 4rth order nethod
n = nunber of steps

X0 = starting val ue of x

xf = endi ng val ue of x

yo(1l) = initial condition at xo

yo(2) = estimated initial derivative at xo

yf = final condition at xf

The differential equation nmust appear in the file 'shootinput. m
This program creates an output data file 'shoot. out

Aut hor: David Keffer Date: CQctober 23, 1998

Hopefully, it is clear from this information how to use sysode.m at the command line.
For example,

shoot i ng(2, 100, 0, 10, [ 2, 3], 4)

uses the shooting method to solve the ODE BV P over therange O £ X £ 10 with 100 intervals,
and the boundary condition y;(X =0) =2 and y,(X =10) = 4. The second initial

condition in the brackets is just a guess. Aswith any method, the better the initial guess, the
more likely you are to converge to the correct solution.

The ODE-BVP to be solved by the code shooting.m must be entered in the file shootinput.m.
Thisfile can be as smple as:

function dydt = odei vpn(x,y, nvec);
c=[-1.0,-2.0,2.0,0.0];
dydt (1) = y(2);
dydt(2) = c(1)*y(2) + c(2)*y(1) + c(3)*sin(x) + c(4);

43.11 Combining Runge-Kutta and Newton-Raphson M ethods

Let’s consider solving the system of afluid draining from a tank through a pipe:
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System

Figure One. Efflux from a Tank

If we neglect al termsin the mechanical energy balance except (1) pressure drop, (2) potential
energy, and (3) frictional head loss due to flow in the pipe (assuming turbulent flow in the pipe),
we have the ODE:

A7
é;aegr 0.25D4.75€Fi+ Hgo
dH - _C P e L g+
dt  62(0.0792)nf*°D3°*
Q -
e (]

with the initial condition (the initial height of water in the tank)
H(t =0) = H,

which can be solved using sysode.m as shown above. (In fact the second example sysodeinput.m
filein the ODE IVP problems given above is intended to solve precisely thiscase.) Note that this
equation is non-linear. Our function, H(t), israised to the 4/7 power. In the Runge-Kutta

He
method, we would know H(t) and we could calculate gijj_tg directly.
e 1]

Now, consider the case where we also include kinetic energy in our mechanical energy balance.
Then we obtain one first-order ODE of the form:
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o7
gelH g 7° €2(0.0791)nf*°LDI° U oeiH ggD‘; 5

-glL+H)+¢—+ & u+ :
gdtg & rO'ZSDijS g gdtgé >

1

o\.o\no\no\nonoNncr
1
o

where we now have athird term (the kinetic energy term). We can't use sysode.m asit is given
to solve this problem for a specific reason. What isthis reason? Well, examine the equation; now

aslH

QEQ appears in anon-linear fashion within the equation. In the Runge-Kutta method, we
e (]

Hé

would know H(t) but we cannot calculate gijj_tg directly because we can't arrange the
e (]

eguation into the form

adlHo
—==f(t,H(1)).
gdtg (t,H(t))

For agiven value of t and H(t) , we must use the Newton-Raphson method (or an equivalent

Hé
method for finding the roots of a non-linear algebraic equation) to find the value of %9 So,
e (]
what must we do?
Remember, in the Runge-Kutta method, the k’s are values of the derivative evaluated at

different point. Inorder to get these k’s, we need to find ?jd—ljg S0, in the Runge-Kutta
e (]
fourth-order method, we would have to use Newton-Raphson 4 times (since thereare 4 k's.) If
we were going to divide our time range of interest into 100 Runge-Kutta intervals, we would
have to use the Newton-Raphson method, 400 times.
In MATLAB, that is done easily enough, we could just call rootfinder or some other non-
linear equation solving routine, in sysodeinput.m. Thus, we would be returning the value of

Hé
gijj_tg just as sysode.m requires. However, the problem arises, that we need good initial guesses
e (1]

when we use a technique like Newton-Raphson. |f we have to use the Newton-Raphson method

Hé
400 times, then we need 400 different good initial guesses. The initial guess for %9 a timet
e (1]
=0, may not be agood guess at timet = 100. However, not to despair, we arein luck. If we can
Hé Hé
get agood initial guess for gﬂ_gat t = 0, then we can solve for gﬂ—gat t =0. If our Runge-
gdt g gdt g
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Hé
Kutta step is small enough, then we can use the converged solution for gg—tgat t=0asour
e [/

He
initial guess for %gat t = 1. Then, we can use the Runge-Kutta method to determine H(t)
e [/

_ Hé
att=1. We canthen repeat the process and use our converged solution for gg—tgat t=1as
e [/

Hé

our initial guess for %gat t = 2. Thistechnique frequently works and does work for the
e [/

mechanical energy balance shown above.

There is an example of a code, based very closely on sysode.m that solves this equation on
my website for the ChE 310 Efflux from atank experiment.

The gist of the code is as follows:

(1) the main program in sysode.m doesn’t change.
(2) The Runge-Kutta function inside the sysode.m file changes as follows:

%

% This routine conmputes the 4rth order R-K nethod
%

function h = rkdeval 310(t, dt, n, ho, dhdt 0)

%

h = zeros(n+1,1);

h(1) = ho;
k = zeros(4,n+l);
for i = 1:n

k(1,i) = odeivp310(t(i),h(i),dhdto);

dhdto = -k(1,i)

k(2,i) = odeivp310(t(i)+dt/2,h(i)+dt/2*k(1,i), dhdto);

dhdto = -k(2,1)

k(3,i) = odeivp310(t(i)+dt/2,h(i)+dt/2*k(2,i), dhdto);

dhdto = -k(3,1)

k(4,i) = odeivp310(t(i)+dt,h(i)+dt*k(3,i), dhdto);

dhdto = -k(4,i);

h(i+1) = h(i)+dt/6*(k(1,i)+2*k(2,i)+2*k(3,i)+k(4,i));
end

Note, that each time we call the function odelvp.m (used instead of sysodeinput.m but serving the
same purpose), we pass the initial guess for the derivative, dhdto. Also note that the value of
dhdto is updated each time to reflect our latest value of the derivative.

The function, odeivp.m just returns the value of the derivative, but in this case, calls fzero to get
it.

function dhdt = odei vp310(tt, hh, dhdto);
%L is pipe length (cm
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L= 15. 24;
%dp is pipe dianeter (cm
dp = 0.47752;
%
% paraneters that are constant for all runs
%
%g is gravity (cm s"2)
g = 980.67;
% mu is viscosity (g/(cnfs))
mu = 0.008817;
%rho is density (g/cm3)
rho = 0.9970;
%dta = tank dianmeter (cm
dta = 15. 24;
%hp is h prime, the anount left in the tank at the end of the run (cm
hp = 2.54;
%
% solve the CDE for dhdt
%
dhdt = -fzero('f310b', dhdto, 1.e-6,0, g, L, nu, dta, rho, dp, hh, hp);

Because the MATLAB instrinsic function, fzero, requires the function to be in a different file,
we actually place the function in the file: £310b.m, shown below.

function f=f310b(dhdt, g, L, nu, dta, rho, dp, h, hp);
f =-g*(L+h) +dhdt ~1. 75*(2*0. 0791* nu~0. 25*L*dt a3. 5) /
(rho”0. 25*dp”™4. 75) +dhdt ~2* 0. 5* (dt a4/ dp”4- 1) ;

In this way, we can combine the Runge-Kutta method for solving ODE 1VPs and the Newton-
Raphson method for finding the roots of non-linear equations, to solve ODE 1VPs where the
derivative isin a non-linear functional form, such that we cannot manipulate it to yield the
traditional

aHo
— = f(t,H(t)).
gdtg (t,H(1))
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