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Appendix for Lecture 28 — Linear Algebra

Included in this appendix are two sections of notes. The sections are:

A. Derivation of the explicit formula for the inverse of a 3x3 matrix 1
B. The Basics of Eigenanalysis 5
C. Eigenanalysisin MATLAB 9

A. Derivation of the explicit formula for the inverse of a 3x3 matrix
For a 3x3 matrix,
A11 a2 a3u

8
_é a
Az =g@01 axn azy
g31 az assf

the determinant is
det(=) a11(az0a33 - azrans )+

ajp (323331' 333321)+
a3 (321332 - a31a22)
which can be rewritten as
3
detL ) ay(detyg)+ago(detyp ) +arz(dets3) = & ay (detlj)
=1

where detij is the determinant of the resulting 2x2 matrix when the i row and the j' column have been omitted.
STEP ONE. Write down theinitial matrix augmented by the identity matrix.

€7 a;p azll 0 Ou
& a
g21 azp a0 1 Oy
831 azy agzl0 0 1Y

STEP TWO. Using elementary row operations, convert é into an identity matrix.

ROW1
ay

(l) Putalin all, ROW1=
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é a a u
€ 4 17 17 /]/ o oY
€ aig a11|/a11 3
gazl az) azg | 0 1 0y
é3; asz azz | 0 0 1o
e 0]

_ _ ROW2 =ROW?2 - a,1ROW1
(2) Put zeroes in all the entries of COLUMNZ1 except ROW1,

ROW3 =ROWS3- a31ROW1
al%ll al%ll %111 00
det37 det37 _ 82% 10
aii aii aii
detzy det27 ) ay 0 1
ary ary ary

ROW?2

det::,%
ai

@)8) D (B D CD|)ACD\

(o Y eny e} ey ey eny end

(3) Putaonein a,,, ROW2 =

é a a u
1 17 17 }/ 0 oY
g aig ag aig 3

det32 _ anq aiq P
g) 1 Aet33 det33 det33 OH
é) detzy det27 _ agy 0 1l;|
e a ai a 9]

(4) Put zeroes in all the entries of COLUMN2 except ROW?2,
ROW1=ROW1- 212 ROW2

a
ROW3 = ROW3 - ?fet% /o ROW2
2
& 0 al% ] al% gele) 0 }/ _ap/ Fan? al% o
é a1 allgdet33 o a1 allgdet33 P degz
D 1 deg, - 8y 1 o
é det33 det33 det33 G
SO 0 detZ% _adetys : etz g:_ as}/ _adetys %g _detys 13
8 a1 § Aiggdelzz g /A1 & Aigdezy  delz g

We will make things alittle prettier if we use the relations
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det(é3) = a—;l-l (det33 det22 - det32 det23)

1
dety3 = a—ll(detss asy - apdetys)

1
dety; = —(- detgzaj3 +ay, dets)
a

11

gl _ detgg }/ i 317 & apq 9 - ag OH
é det 33 am am gdet 33 B det 33 U
& det 35 - an azg oY
& det det det u
é 33 33 33 U
éO det A3 ) det 13 ) det 23 1@
& det 35 det 33 detzz H

ROW3
(5) Putalin 8.33, ROW3 =

det(A3,

det33
e = u
& o .Yetst }/ _app/ ®ay 0 -app 0
e det33 ajy ajy det33 B det33 [;|
go dets, - app aig 0 3
é det33 det33 det33 U
g) 0 1 det13 ) det23 det33 l;l
e u
8 detiABj detgg) detgg) 0

(6) Put zeroes in all the entries of COLUMNS3 except ROW3,
ROW1=Row1+ 3881 rows3

et33

ROW2 = Row?2 - 38182 po\3
det33
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é .. u
& }/ _apo kasnq 9+ det31 det13 - aq2 ) det31 det23 det31 G
é asy a11%detya 5 det detas  det a
& 0 0 330 33 det(és) 33 33 det(és) det@s) G
’éo 10 - anq ) det32 det13 a + det32 det23 i det32 U
e U
o 0 detzz detss det&s) detzz detss det&s) det&s) G
e det13 det23 det33 L:J
e - u
g det‘A3 ) det‘A3 ) det‘A3 ) A

which can be rearranged to yield

g detq __detyy detzq ﬂ
21 0 0 det(és) det(és) det(és) ﬂ
& 1 o- detq, det,, _ detgp G
80 0 1 det(és) det(és) det(és) ﬂ
é detq3 __detp3 detzz
S- detgg) detgg) detgg) H

<0 that we have

é detll - det21 det31
é

1
A = det det - det
a det‘A?’ )g 12 22 32
g det13 - det23 det33

[ oY exY ey end

In terms of the elements of é , the inverse can be expressed as

€agoagz - agpdpz - ArpaAzgz tagpad;z  apdpz - aAppdiz U

-1 _ é a
Ag = Jet(a_ )& 321933 tagjdpz  a11833 - az1813 - 811823 tazdi3y
3'@apiazy - az;@zy - aji@sp *az1dz @118z - 821812
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B. The Basics of Eigenanalysis
Eigen analysisis apart of linear algebrathat is extremely important to scientists and engineers.

For an mxm square matrix, there are m eigenvalues. If the determinant of the matrix is non-zero, all of
the eigenvalues are non-zero. If the determinant of the matrix is zero, at least one of the eigenvaluesis zero.

To calculate the eigenval ues, {| } , for an mxm matrix,

é1; ap a3
_eé a

Ax = @21 822 8y (28.6.1)
€31 az2 assf

first, you subtract | from every diagona element.

é11-1  ap aiz3 U
_e u
Ag-llg=gaz ax-l azs g (28.6.2)
g as azgy asz- |y
Second, you set the determinant of é3 - !3 to zero,
det@3 - !3): 0 (28.6.3)

Third, you must solve this equation for | . Equation (28.6.3) is a polynomial of mth order. It must have m roots.
The m roots of equation (28.6.3) arethe m eigenvalues. Equation (28.6.3) is frequently called the characteristic
equation.

Each eigenvalue has associated with it an eigenvector. Thus, if there are m-eigenvectors, there are also
m-eigenvalues. The m™ eigenvector, W, . for the matrix in , is given by plugging the mth eigenvector, | m:

into equation (28.6.2) for | , and solvi ng the equation:

&3 - m!3)‘ﬂm =0 (28.6.4)
for W ,. This equation defines the eigenvectors and can be solve m times for all m eigenvaluesto yield m
eigenvectors.

2x2 Example:

Let’s consider a 2x2 problem

éa;; appu

u

A=ga
T @21 azyq
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det@- ' !2): (a11- 1 a2 - 1)- aziagn
det@ - !2): 12 - (agy +az ) +(a11a00 - a21a12)

det(A- 11,)=12 - (ag; +ag) +det(a)

Use quadratic formulato find eigenvalues.

|2 - (all +822)| +det@)=0

- b++b? - 4ac _ (311+322)i\/(311+322)2 - 4det@)

2a 2

So we have two eigenvalues.

The eigenvalues are the same if (all +aoo )2 -4 det@) =0

Otherwise, the eigenvalues are different.

The eigenvalues are both real if (all +a9o )2 -4 det@) >0

The eigenvalues are complex conjugates if (all +aoo )2 -4 det(é) <0
One of the eigenvaluesis zero, if det@) =0.

The eigenvectors, W1 and W, can be determined from:

(é"l!)‘ﬂlzg (é"z!)\ﬂzzg

The determinant of (é - 1I) isalways zero, because that is how we solved for the eigenvalues. Therefore, there

is aways an infinite number of solutions to the eigenvectors. We know how to find one of the infinite number of
rootsfor AX = b when the determinant of A iszero. We choose one of the elements of X arbitrarily and solve

for the other elements.
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@i- i ap ®wipl_ o

& @ a=0

é ax  agy- ligawizg

Choose Wi =1, then we solve

(a11- 1i)wiz =-agowi, or agWiz =- (a2 - 1 iwiz

whichever seems reasonable.

so the eigenvectors are:
€é-appu
Wi = ?8.11 - ilil
€ u
e 1 0

If we want normalized eigenvectors, then the precise choice of solution from all infinite solutions must
satisfy:

whichisnot 1.

For the normalized eigenvectorsw §

1>
I

u
1 3-1¢
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det(a-11,)=12- 51 +6

51

|1:3,|2:2

Choose Wi =1, then we solve
For eigenvalue 1, we take the second equation from the matrix and we have

ap Wiz =-(ag - Ii)wip

gy - 1 - (3-2

Wi = (82221 I) 2= (1 )1__1
é 1u

Wi=equ
e+u

For eigenvalue 2, we take the second equation from the matrix and we have

(@11 - 1i)wiz =-agowio

sa= - 12 :—-O 1=

" - 1) M2 TR e
_éu

ﬂz—fg

If we want normalized eigenvectors,

1 6 1_é 0.70710

A\ =—W, = = A ¢
T M T 2 814 Go7071
we, = Ly, 2 1OU_Qt
w»m =7 Y2 = -

Wl 18 &

An applied example of eigenanalysisisincluded as the last example in the hand-out on linear algebra applications.
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C. Eigenanalysisin MATLAB
Given a square matrix, A, MATLAB can calculate the eigenvalues and eigenvectors using the syntax:
[W,lambda] =eig(A)

where W and lambda are both mxm matrices and where lambdais a matrix of eigenvalues in the diagona elements
and zero elsewhere, like:

g, 0 0y
lambdag =50 |, 0
g0 0 IsH

and W is a matrix where the ith column of the matrix contains the ith eigenvector

eWy; Wip Wigl

~

_ U_
ﬂg—ngl W22 Wzsu—[ﬂl w, W]
BWa W3 WasH

The eigenvectors MATLAB returns are normalized.



