For each problem part:

Problem 1. (4 points)

Consider the PDF

f(x,y) =cxP,
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forx=1,2,and3andy =1tox

(& find the value of C that makes this PDF |egitimate.
(b) find P(y =1| x = 2)

Solution:

This problem is discrete in both x and y because the permutation can only take on integer values. Thereforey can
take on integer values from 1 to x. (Y ou cannot evaluate Py for y > x. How can you select y=3 objects, when

you only have x=2 objects?)

(& find the value of C that makes this PDF |egitimate.

f(11) =cxP, =c f(31) =cxP, =3c
f(21) =cxP, =2c f(3,2) =cxP, =6¢C
f(22)=cxP, =2c f(3,3) =cxP, =6¢
3 &
aafxy)=1
x=1y=1
3 &
aaf(xy)=20c=1
x=1y=1
1
cC=—
20

(b) find P(y =1| x = 2)

The marginal distribution of x is

o(x) = & f(xy)

y=1

o2) = & f2y) = f21) +1(2.2) = %

y=1

+ 2=

=1
20 5
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fx=2y=1) 2/20 1

P(y=1|x=2) = ==
(y=1x=2) 9(x = 2) 1/5 2

Problem 2. (10 points)
An experimental polymer reactor creates polyethylene with a molecular weight distribution of

-1.2X07°+1.8X0 "x- 6.0X0 *¥x®> 1xX0° £ x £2%0°
0 otherwise

f(x) =

—_ — —

where x isthe molecular weight. A plot of f(x) is shown below.
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x=molecular weight

(a) Is this problem continuous or discrete?
(b) What is the probability of obtaining a polymer with molecular weight in the range

5X0° £ x £1.25%0°?

(c) What is the probability of obtaining a polymer with molecular weight greater than 1.25 x10° ?
(d) What isthe mean molecular weight?
() The compressibility of the polymer at a certain temperature is given by

k =6.540°x- 0.59
What is the mean of the compressibility?

Solution:
(a) Is this problem continuous or discrete?

This problem is continuous because, for the given PDF, the random variable can assume any real value
between1X.0° £ x £ 2X.0°.

(b) What is the probability of obtaining a polymer with molecular weight in the range
5X0° £x £1.2540°?
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The PDF has a different definition from 5x1.0° £ x £ 1.0X1.0° than from 1.0 XL0° £ x £ 1.25x1.0° soyou
must break up the integral into two parts.

1.0040° 1.25%40° 1.25%40°
P(5X0° £x £1.2540°) = (x)dx+ ¢f(x)dx =0+ ¢f(x)dx
530° 1.0040° 1.0040°
1.25408
P(540° £X£1.250° = - 1.2>40°° +1.8X40""'x - 6.0>10 *x2 Jdx
1.0040°

P(5X.0° £ x £1.25%0°) :E? 1.2X0 5% +

1840 , 6.0x0 331'25&0
X" - 3 X" 3

1.0040°8

P(5X0° £ x £1.254.0°) = (-4.84375)- (-5) =0.15625

(c) What is the probability of obtaining a polymer with molecular weight greater than 1.25X10° 2

If you use the definition, you will abtain the correct answer but this requires you to perform the integration again.
Instead, use the fact that the probabilities must sum to one.

P(x £1.25x0°%) +P(x >1.25x0°%) =1

P(x >1.25x0°) =1- P(x £1.25x0°) =1- 0.15625 =0.84375

(d) What isthe mean molecular weight?

By examining the plot, you can see that the molecular weight distribution is symmetric about x
=1.5%0°. Therefore, themeanis m, =1.5x10°.
However, if you don’t see the symmetry, you can always use the definition of the mean.

2.040° 2.040°

m = Fdx= k(- 1.2X40°° +1.8:00 1x - 6.0x0 x° Jx
1.020° 1.040°
2.040°

m = - 1.240°x+1.8X0 x? - 6.0>40"*x° Jix
10208

J2.010°
_@1.240° , 1.840" , 6.040" ,¢
m, —g- X+ X" - X I

2 3 4 6

1.040

m =0- (- 1.5x0°)=1.5x10°

() The compressibility of the polymer at a certain temperature is given by
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k =6.540°x- 0.59
What is the mean of the compressibility?

Y ou can use the definition of the mean to obtain the mean compressibility or you can take advantage of
the fact that the mean is alinear operator:

m=m., . .. =6540°m-0.59=6540°(540°)- 059 =09.16

Problem 3. (10 points)

Y ou are monitoring a process using a packed bed of 2 adsorbents (zeolite-X & zeolite-Y) to adsorb methane and
ethane. The zeolite-X in the bed adsorbs 70% of the molecules adsorbed. The probability that an adsorbed
molecule is methane in zeolite X is 0.08. The probability that a molecule is ethane given that it is adsorbed in
zeolite-Y is0.8537. Answer the following questions. Where appropriate, report to 4 significant figures.

(a) Draw aVenn Diagram of the sample space for the type and location of an adsorbed molecule.
(b) What is the probability that a molecule is methane, given that it is adsorbed in zeolite-X?

(c) What isthe probahility that a molecule adsorbed in zeolite-Y ?

(d) What isthe probahility that a molecule is ethane and in zeolite Y ?

(e) What isthe probability that a molecule is methane?

Solution:

We are given:
P(X)=0.7
P(MN X) =0.08

P(E|Y) =0.8537

(a) Draw aVenn Diagram of the sample space for the type and location of an adsorbed molecule.

M X MNY
ENX ENY

(b) What is the probahility that a molecule is methane, given that it is adsorbed in zeolite-X?

P(MNX) _ 0.08
P(X) 0.7

=0.1143

P(M| X) =

(c) What isthe probahility that a molecule adsorbed in zeolite-Y ?
P(X)+P(Y) =1
P(Y)=1- P(X)=1- 0.7=0.3

(d) What isthe probahility that a molecule is ethane and in zeolite Y ?
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P(ENY) =P(E| Y)P(Y) = 0.85370.3 = 0.2561
(6) What isthe probability that a molecule is methane?
P(M) =P(MN X) +P(MN Y)
P(MNY)+PENY) =P(Y)
P(MN YY) =P(Y)- P(ENY)=0.3- 0.2561=0.0439

P(M) = 0.08 +0.0439 = 0.1239



