D. Keffer, ChE 301: Applied Statistical and Numerical Methods for Engineers

Exam |
Administered: Monday, February 7, 2000
24 points

For each problem part: 0 pointsif not attempted or no work shown,
1 point for partial credit, if work is shown,
2 points for correct numerical value of solution

Problem 1. (10 points)

The plant manager in afungicide manufacturing plant has been doing an internal study of quality control asa
function of operator shift: He has found that, when the A-shift is at work from 6:00 AM to 2:00 PM, there is 99%
of the product is Good. When the B-shift is at work from 2:00 PM to 10:00 PM, there is 97% of the product is
Good. When the C-shift is at work from 10:00 PM to 6 A.M, there is 93% of the product is Good.

(a8) Draw aVenn Diagram of the sample space for arandom variable denoting the quality of the product.
(b) What is the probability that the product is Good?

(c) What isthe prabability that the product is Defective?

(d) What is the probability that the product is Defective and C-shift was responsible?

(e) Given that the product is Defective, what is the probability that the C-shift was responsible?

Solution:
(a8) Draw aVenn Diagram of the sample space for arandom variable denoting the quality of the product.
A=A-shift, B=B-shift, C=C-shift, G=Good, D=Defective

ANG BNG CNG
AND BND CND

(b) What is the probability that the product is Good?

1
The probability of each shift being on is equal, one third of thetime. P(A) =P(B) =P(C) = 3

The probability that a product is Good is then a simplified version of the union rule (smplified since there
are no interesections of A, B, and C).

P(G) =P(ANG)+P(BMNG)+P(CNG)
P(G) =P(G| A)P(A) +P(G|B)P(B) + P(G| C)P(C)

P(G)=0.99 X% +0.97 X% + 0.93% =0.9633

(c) What isthe praobability that the product is Defective?

P(G)+P(D) =1
P(D) =1-P(G) =1- 0.9633 =0.0367

(d) What is the probability that the product is Defective and C-shift was responsible?

P(CND)+P(CNG)=P(C)
P(CND) =P(C)-P(CNG)

P(CND) = P(C)-P(G| C)P(C) = % i 0.93% =907 _ 4233
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(e) Given that the product is Defective, what is the probability that the C-shift was responsible?

0.07
P(C|D) = PCAD) __ 3 _ (6358
PD)  0.0367

Problem 2. (4 points)
Consider two independent random variables x and y. The random variabley hasmean m, = 8.00 and

varianceS§ = 4.00. Therandom variable x obeys the PDF

lz e o>

[ e 4 forO<x<4
f(X)=1&ae- 4

1 0 otherwise

3x
(@ Whatisthemeanof g(X) =e 4
(b) What isthe mean of h(X,y) = g(x) +5y

Solution:
3Xx

(@ What isthe mean of g(X) = e 4

4 3 4
L2 e ® e 0,

0. Oy,
€ 4dx = e dx
846-4g 846-4%

My = PO Y) dx =

0

Moo =-§4ee_ 4ge'x]3 =-§34:_ 436_4 -1]=0.38825

(b) What isthe mean of h(X,y) = g(x) +5y
Myxy) = My +0M, =0.38825 +5>8.00 = 40.38825

Problem 3. (10 points)
Consider the joint PDF of two random variables, x and y,

14X

|— forO<x<1l,y=1.2
f(xy) =13y Y

10 otherwise

(8) Istherandom variable x continuous or discrete?
(b) Isthe random variable y continuous or discrete?
(c) Show that this PDF is alegitimate PDF.

(d) Find the probability, P(0 < x <0.5,y =1)
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(e) Find the probability , P(y = 2)

Solution:
(8) Istherandom variable x continuous or discrete?
X is acontinuous random variable because it is defined over a continuous range.

(b) Isthe random variable y continuous or discrete?
Y isadiscrete random variable because it is defined over a discrete range.

(c) Show that this PDF is alegitimate PDF.
4x
(i) the PDF can never be negative because 3— is aways nonnegative for positive values of x and y,

which are where the PDF is defined.
(ii) the PDF intgratesto 1

& Spnod-d Slad-4 200 4ot 0y
e u- U—dé_ U0 ~-"aAz_ "= "~,5"
y=18 ¥ 0 v=21&3Y 0 y286Y (g a6y 64 6%
Alternatively but equivalently, we could write:
1 L. 1 2 1
cﬁf(xy)dx c‘ﬁ4 —c‘l;aeﬂ+ﬂ9dx:c‘)2xdxzzx =1
~yy=1 o y=13Y €38 3Xg 0 0
(d) Find the probability, P(0 < x <0.5,y =1)
0.5 0.5 2105
4x 4x 1
PO<x<05y=10)=F(xy=Ddx = ¢ dx = ==
( y=1 g( y=1 93_%1 6 i 6

(e) Find the probability , P(y = 2)

If only y is specified, then we don’t care about the value of x so we include all possible values of x.

! ' 4x a1
P(O<x< =2)=(x,y =2)dx = @& dx = ==
( 1y =2) 9‘( y=2) 003— 2] "3




